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Abstract

The acceleration and propagation of charged and energetic particles in tenuous
and non-relativistically moving astrophysical plasmas is modelled with a variant
of the Vlasov-Fokker-Planck equation. The distribution function of the particles
is expanded in Cartesian tensors or spherical harmonics. The expansion leads to
a system of partial differential equations (PDE) that determines the expansion
coefficients. In this PhD thesis we derive new formulae to convert between
the expansion coefficients of the Cartesian and spherical harmonic expansions,
irrespective of the expansion order. These formulae are equally valid for the
Cartesian and spherical multipole expansions of the electrostatic (or gravita-
tional) potential. Moreover, we present a novel way to derive the system of PDEs
that is based on operators that act in the Hilbert space of spherical harmonics
and their representation matrices. The system of PDEs gained with the operators
is a system of advection-reaction equations, that we numerically solve with the
discontinuous Galerkin (dG) method. We test our implementation of the dG
method to demonstrate that the numerical algorithm is robust. Applying it to
simulate the acceleration of charged particles at a parallel shock wave shows
that our implementation is suited to simulate astrophysical applications.

Zusammenfassung

Die Beschleunigung und Ausbreitung geladener und hochenergetischer Teil-
chen in nicht-relativistischen, astrophysikalischen Plasmen mit geringer Dichte
wird mit einer Spielart der Vlasov-Fokker-Planck Gleichung modelliert. Die
Verteilungsfunktion der Teilchen wird nach kartesichen Tensoren oder nach
Kugelflichenfunktionen entwickelt. Die Entwicklungskoeffizienten werden
durch ein System partieller Differentialgleichungen (PDG) bestimmt. In dieser
Doktorarbeit werden neue Formeln zum umrechnen zwischen den Entwick-
lungskoeffizienten der Entwicklung nach kartesichen Tensoren und der nach
Kugelflichenfunktionen hergeleitet, unabhingig davon bis zur welchen Ord-
nung entwickelt wurde. Die Formeln sind ebenfalls giiltig fiir die kartesische
und sphérische Multipolentwicklung des elektrostatischen Potentials (oder des
Gravitationspotentials). Des Weiteren zeigen wir, dass sich das System der PDGs
mit Hilfe von Operatoren, die im Hilbertraum der Kugelflichenfunktionen defi-
niert sind, und ihren Darstellungsmatrizen herleiten lédsst. In der Perspektive
dieser neuen Methode zeigt sich, dass das System der PDGs ein System von
Konvektions-Reaktions-Gleichungen ist. Dieses System 16sen wir numerisch
mit der diskontinuierlichen Galerkin (dG) Methode. Wir testen unsere Imple-
mentierung der dG Methode und demonstrieren, dass sie numerisch robust ist.
Eine Simulation der Beschleunigung geladener Teilchen in einer parallelen Stof3-
welle zeigt, dass unsere Implementierung fiir astrophysikalische Anwendungen
geeignet ist.
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CHAPTER 1

INTRODUCTION

Hilbert spaces are ubiquitous in physics. Quantum Mechanics is probably the
best known example. In this thesis we show that Hilbert spaces also play an
important role in modelling the transport of charged particles in plasmas. Their
vector space structure and their scalar product provide us with tools that we
use to develop new methods that relate and simplify the relevant equations
and deepen our theoretical understanding of them. Moreover, we demonstrate
how these new insights can be used beneficially when solving the equations
numerically.

But what are these equations, what are they about and why is it important
to solve them? The equations and the methods we developed are located in a
historical and current cluster of ideas, concepts and models that are centred
about a more than one hundred years old discovery, namely the discovery of
cosmic rays. Around 1900 Elste and Geite]E noted that air was conductive
and they deduced that the conductivity was due to the presence of positive
and negative ions. The air was ionised by a radiation of unknown nature. In
1913, Rutherford concluded from experiments that the ‘very weak activity [i.e.
ionisation rate] actually is in all probability to be ascribed to the presence of
traces of radioactive matter [...]. An essentially correct explanation for the larger
part of the observed ionisation rate, whence it follows that the ionising radiation
are a-particles, electrons or y-rays. (Hillas, 1972, Sec. 1.1)

However, one year earlier in 1912, Hess undertook seven balloon flights
reaching an altitude of about five kilometres during which he measured a signi-
ficant increase of the ionisation rate with altitude. This observation led him to
conjecture that there exists an ionising radiation penetrating the atmosphere
from above. In 1914 Kolhorster confirmed Hess’ findings and extended them
to even higher altitudes. In Table 1 the average difference between the ionisa-
tion rate at various heights and that at sea level is shown. The decrease in the

Julius Elster, * 24.12.1854 Blankenburg (Harz), T 8.4.1920 Wolfenbiittel. E. studied natural
sciences, with a focus on physics in Berlin and Heidelberg. He received his PhD in 1879 in
Heidelberg. (Ottmer, 1959)

2Hans Geitel, * 16.7.1855 Braunschweig, T 15.8.1923 Wolfenbiittel. G. and J. Elster became
friends in their childhood and stayed close friends until they died. As Dioscuri they studied under
R. Bunsen and G. R. Kirchhoff in Heidelberg and the physicist G. H. Quincke in Berlin. (Weiser,
1964)



2 CHAPTER 1. INTRODUCTION

Table 1.1: Average difference between the ionisation rates at various heights
and that at sea level. (Hillas, 1972, Tab. 1.1)

Altitude [km] Difference [ions cm™3s™!]

—_

-1.5
+1.2
+4.2
+8.8
+16.9
+28.7
+44.2
+61.3
+80.4

O 0O AW

ionisation rate at one km is in agreement with the hypothesis that the observed
ionisation at sea level is mainly due to radioactive elements, whereas the strong
increase in the ionisation rate with altitude underpins Hess’ conclusion that a
part of the ionisation (also at sea level) is a consequence of an ionising radiation
arriving from space. (Hillas, 1972, Sec. 1.2)

There were still physicists not convinced of the existence of a radiation
coming from space, namely and famously Millikan. However, he and Cameron
investigated the ionisation inside the water of snow-fed lakes in California,
which were thought to be free from radioactive elements. Their electrometres
showed an ionisation whose rate decreased with depth, which strongly indicates
aradiation travelling downwards through the air with no local generation. It was
Millikan who subsequently introduced the name ‘cosmic rays’ and we nowadays
define a cosmic ray to be a charged particle that was accelerated somewhere in
the universe and that hits the atmosphere of the earthm (Hillas, 1972, Sec. 1.3)

Having established the existence of cosmic rays, two questions come to one’s
mind: Firstly, what are the constituents of the radiation, i.e. what is the nature
of the radiation? Secondly, what is the origin of the cosmic rays? Question
number one could be partly settled in the course of the previous century. Today
it is known that cosmic rays are particles, and not, as previously believed, y-rays
producing secondary electrons via the Compton effect (Bothe & Kolhorster,
1929). The primary cosmic rays, i.e. the cosmic rays arriving at the earth’s
atmosphere before interacting with it, are composed of mainly protons (about
90 %), a-particles (about 9 %) and small fractions of heavier nuclei (Gaisser et al.,
2016, Sec. 1.1). The question of the origin of cosmic rays can be interpreted
twofold: Firstly, where do the cosmic rays come from and, secondly, how do
they acquire such high energies? Both interpretations form the framework of

3This definition is not capturing all usages of the term ‘cosmic ray’. It is very often used syn-
onymously with charged particle. Others also include y-rays and sometimes electrons/positrons
are excluded.



our research and, thus, of this PhD thesis. The equations with which we work
model the propagation and acceleration of charged particles, for example cosmic
rays, and because cosmic rays are extremely relativistic particles, they do so in
the vicinity of the most energetic sources of the universe. Hence, solving the
equations is not only an attempt to answer both questions, but also a mean to
learn about these sources.

In addition to this general motivation, we have a specific research question in
mind that is best explained with the help of a plot of the cosmic-ray energy spec-
trum, see Fig.[1.1. The energy spectrum allows for a gross categorisation in terms
of where the cosmic rays are coming from: At energies around 1 GeV/nucleon
the overall cosmic ray flux is modulated by charged particles originating in the
sun, particles with energies up to ~ 3 X 10° GeV are assumed to be accelerated
in the Galaxy and cosmic rays with energies larger than ~10° GeV are believed
to be of extragalactic origin. The corresponding breaks in the energy spectrum
are referred to as the ‘knee’ and the ‘ankle’ respectively. (Gaisser et al., 2016,
Ch.2)

All particle spectrum
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Figure 1.1: The all particle cosmic-ray spectrum. (Evoli, 2020)

Supernova remnants (SNR) were suggested early as possible acceleration
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sites (Baade & Zwicky, 1934) and are now widely expected to contribute the bulk
of the Galactic cosmic rays (Pasquale, 2013, Sec. 1.1.). The ‘knee’ could mark the
beginning of an energy range that represents the maximum possible energies
that particles can reach in our Galaxy, see the grey-shaded area in Fig.[1.1. We
use Hillas limit (Hillas, 1984, cf. eq. 1) to estimate the maximum energy of a
particle accelerated in a SNR shock wave, namely

Emax < qQUsBgRgNr -

If we assume that the larger part of the cosmic rays is accelerated when the
radius of the SNR shock wave is about Rgyg ~ 10 pc and that B; ~ 0.1 nT and
U, ~ 5000 km s~ are typical values for the Galactic magnetic field and the speed
of a SNR respectively (Blandford & Eichler, 1987, Sec. 2.5), then the estimate
for the maximum energy gives

Epax < 1.6 X 10°GeV,

max —

which is below the ‘knee’. However, this estimate is now believed to be too low,
because it is expected that the accelerated particles amplify the magnetic field
around the shock wave (e.g. Gaisser et al., 2016, Sec. 12.5). This believe inspires
the research question we have in mind, namely ‘How does the non-linear inter-
action between the particles and the plasma, in which they are accelerated, influ-
ences the acceleration process and the maximum energy the particles can reach?’
We couple a kinetic particle model, a variant of the Vlasov-Fokker-Planck (VFP)
equation and a plasma model, ideal magnetohydrodynamics (MHD), to answer
this question quantitatively. The focus of this PhD thesis is on the kinetic particle
model, i.e. on the development of a robust numerical algorithm to solve the VFP
equation.

The thesis consists of two parts: Chapter 2 and |3 provide the reader with
concepts, definitions and equations that form the background in front of which
we develop our methods. The actual research is presented in Chapters 3-6.
Readers familiar with kinetic plasma models, MHD and particle transport in
astrophysical plasmas may skip the first part and proceed directly with the
second part.

The aim of Chapter 2 is to introduce the different plasmas models that we
use throughout this thesis and the physical and mathematical assumptions un-
derlying them. In its first section, we use non-equilibrium statistical mechanics
to derive a kinetic plasma model, namely the Boltzmann equation. We adopt
Klimontovich’s approach and start with a microscopic particle density, i.e. a
sum over delta distributions that determine the positions and velocities of all
particles. The fact that the number of particles must be conserved leads to
the Klimontovich equation. Because the actual positions and velocities of all
particles are infeasible to track, we proceed as usual in statistical mechanics and
presuppose a smooth probability density function that encodes the likelihood
to find a specific particle with specific phase-space coordinates x and v. We



compute the average of the Klimontovich equation with this probability density
function and use that particles of the same plasma species are indistinguishable
from each other to reduce the average to a partial differential equation (PDE)
that evolves the one particle distribution function. It is this PDE that is called the
Boltzmann equation and the interactions between the particles are symbolically
represented by a collision term on its right-hand side. We review three different
ways to derive explicit expressions for the collision term, namely correlation
functions, scattering cross sections and, most importantly, the Fokker-Planck
theory. In the second section of this chapter, we compute the moments of the
Boltzmann equation to derive the MHD equations. We assume that there is
no heat flow, i.e. all changes of state are adiabatic, to close the chain of mo-
ment equations. Additionally, we simplify Ohm’s law and presume that the
conductivity of the plasma is infinite, which yields the ideal MHD equations.

Chapter |3/has two purposes: Firstly, it presents the Fermi acceleration mech-
anism and, secondly, it introduces a particle transport equation that models the
propagation and acceleration of relativistic particles in a background plasma
that moves non-relativistically. We summarise Fermi’s original paper and apply
his arguments to the acceleration of particles at a parallel shock front. The idea
is to provide the reader with a physically intelligible picture of the acceleration
process, before we proceed with employing the Boltzmann equation to capture
it more formally. Whereas in Chapter 2|the Boltzmann equation was used to
model a plasma, we now utilise it to model the charged particles, which are
accelerated, and their interaction with the background plasma. This means,
in particular, that the Lorentz force that acts on the charged particles is not
generated by themselves, but is due to the electromagnetic fields sustained by
the background plasma. Moreover, the collision term quantifies the changes in
the distribution of the charged particles, because of their interactions with the
waves and the electromagnetic turbulence of the background plasma. We derive
an explicit expression for the collision term using Fokker-Planck theory. The
Lorentz force and the Fokker-Planck collision term allow us to change the name
of the Boltzmann equation to Vlasov-Fokker-Planck equation. The collision
term has a distinctly simple form in the rest frame of the waves that scatter the
particles. Therefore, we use a mixed-coordinate frame, i.e. we use a Lorentz
transformation to get the momentum coordinates in the rest frame of the back-
ground plasma, which is assumed to be an approximation to the rest frame of
the waves, while leaving the spatial coordinates unchanged. We show how the
VFP equation changes under such a transformation and we, subsequently, use
that we are interested in background plasmas that move slowly in comparison
to the speed of light to further simplify it. We call the resulting equation the
semi-relativistic VFP equation, because it describes the transport of relativistic
particles in a slowly moving plasma. It is the starting point of our research. At
the end of this chapter, we apply it to the acceleration of particles at parallel
shock. This yields the well-known cosmic-ray transport equation.

Numerically solving the VFP equation is computationally expensive, because
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the single particle distribution function depends on ¢, x and p, i.e. it depends on
six variables plus time. A way to reduce the dimensionality of the problem is
to use spherical coordinates in momentum space and to write the distribution
function as a series of spherical harmonics. This separates out the angular
variables and reduces the number of independent variables to four, namely x
and p, where p is the magnitude of the momentum. The spherical harmonic
expansion is the second chamber of the heart of this thesis, if we think of the
semi-relativistic VFP equation as its first one. The spherical harmonics are a
basis of the space of square-integrable functions whose domain is the sphere
and whose codomain are the complex numbers, commonly denoted with I2(S?),
where S2 is the unit sphere. Together with the usual scalar product this space is
a Hilbert space.

In Chapter 4 we begin to exploit the vector space structure of the spherical
harmonics. The spherical harmonic expansion is not the only possibility to
separate out the angular dependence of the single particle distribution function.
A second option is the Cartesian tensor expansion. How two convert between
the coefficients of the two expansions for an arbitrary expansion order is an
open question. However, we succeeded in using the vector space structure to
derive formulae that convert between the expansion coefficients. The key idea
is that both expansions represent the same function in I?(S?), but they use a
different basis to do so. The relation between the expansion coefficients can thus
be represented as a basis transformation. That this is the case is not obvious. To
show it, we take a detour and investigate an analogue situation, namely that of
the multipole expansion which is used to approximate the potential of a charge
(or mass) distribution. There also exist two variants of it: The expansion coeffi-
cients are either the (Cartesian) multipole moments, namely monopole, dipole,
quadrupole etc. , or the spherical multipole moments and both again represent
the same function in I?(5?) and, hence, the relation between the two multipole
moments is the same as the relation between the expansion coefficients of the
Cartesian and spherical harmonic expansion of the distribution function. How-
ever, there exist explicit definitions of the Cartesian and spherical multipole
moments that both use the spherical harmonics, though disguised as homogen-
eous and harmonic polynomials. We use these definitions to compute the basis
transformation, i.e. we obtain formulae which allow us to systematically convert
between the Cartesian and spherical multipole moments irrespective of the
order of the expansion. These formulae and the way in which we derived them
are, to the best of our knowledge, a novelty. Eventually, we apply these formulae
to the expansions of the single particle distribution function. A highlight of
this chapter are the two definitions of the Cartesian multipole moments: We
introduce a new one that is based on the Kelvin transform and that allows us to
identify the basis of I?(S?) that is used for the Cartesian multipole expansion.
The second definition uses Efimov’s ladder operators, which serve us as a tool
to explicitly compute the basis transformation.

Operators form the essence of Chapter|5. Using a spherical harmonic ex-



pansion implies that the direct computation of the distribution function of the
charged particles is replaced with solving a system of PDEs that determines the
expansion coefficients. We derive this system in a yet unknown way, namely
we show that it is built of representation matrices of operators that act in the
space of spherical harmonics. We start with plugging the spherical harmonic
expansion into the semi-relativistic VFP equation and, thereafter, we take the
scalar product of the resulting equation and use that spherical harmonics are or-
thonormal functions. The appearing expressions can be interpreted as elements
of matrix representations of operators, for example, of the angular momentum
operator known from quantum mechanics. We explicitly compute the matrix
elements of all revealed operators. We then undertake a foray into group theory
to illustrate that the computed matrix representations are related to each other
via rotations. The rotation operators in the space of spherical harmonics are
well-known in the quantum theory of angular momentum and their matrix
representations are the Wigner-D matrices. To numerically solve the system of
PDEs, we need to know the eigenvalues of some of the representation matrices.
We prove that the eigenvalues of the relevant ones are the roots of the associated
Legendre polynomials, where we use the fact that they are related via rotations
which implies that they all have the same eigenvalues. We also address an issue
that stems from using complex spherical harmonics to represent the distribution
function which itself is real. As in the case of a Fourier series, the fact that the
represented function is real implies that there exist simple relations between the
expansion coefficients. This in turn implies that the system of PDEs determining
the expansion coefficients contains redundant equations. They can be removed
by the changing the basis of the space of spherical harmonics. We, therefore,
multiply the system of PDEs with a basis transformation matrix, that turns the
complex spherical harmonics into the real spherical harmonics.

In Chapter 6, the last chapter of this thesis, we numerically solve the system
of PDEs. The way we have written it down in the previous chapter allows us to
identify it as a system of advection-reaction equations. This suggests to use a
numerical method that is able to represent the ‘flow’ of the variables, namely the
finite volume (FV) or the discontinuous Galerkin (dG) method. The dG method
is a finite element method (FEM). It has the advantage that the spatial accuracy
of the numerical solution can be increased without the necessity to gather
information from neighbouring cells. As a finite element method the analysis of
its properties, e.g. if it is well-posed, relies on the structure of the Hilbert space
in which the solution is expected to be found. We opt for the dG method and
we begin this chapter with thoroughly explaining how to apply it to the system
of PDEs, because it is the first time that the dG method is used in conjunction
with a spherical harmonic expansion of the distribution function. An essential
freedom of the dG method is the choice of the numerical flux. We choose an
upwind flux, because it tightens the stability of the method. Computing an
upwind flux normally means to solve a computationally expansive Riemann
problem at each cell interface. However, the formulation of the system of PDEs
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in terms of the representation matrices allows us to get the solution to the
Riemann problem in the spatial directions for free. In the p-direction we do
solve the corresponding eigenproblem. In the second part of this chapter we
test our implementatimﬁ of the dG method in three different examples. The
first example is a toy model with known analytical solution that we use to test
the temporal and spatial accuracy of the numerical solution. We show that
the error decreases as theoretically expected if we decrease the time step or
increase the spatial resolution. The second example investigates what the effects
of truncating the spherical harmonic expansion are. In the third example, we
simulate the acceleration of particles at a parallel shock and illustrate that the
implementation is able to accurately reproduce the analytical solution that we
derived in Chapter 3|

“It’s publicly available on https://sapphirepp.org
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CHAPTER 2

PLASMA MODELS AND THEIR PHYSICAL
ASSUMPTIONS

A plasma is a collection of charged particles whose density is high enough to
ensure that its evolution is not predominantly due to individual encounters
but due to the long-range Coulomb forces that all particles collectively and
simultaneously exert. This entails that the plasmas’ behaviour is collective (Krall
& Trivelpiece, 1973, Ch. 1). In this chapter we present to the reader two different
mathematical descriptions of plasmas and their underlying assumptions. First,
a kinetic description embellished in the Boltzmann equation and based on
non-equilibrium statistical mechanics, and secondly, a fluid description that
is derived from the kinetic description and known as magnetohydrodynamics
(MHD). We use the kinetic description to compute the propagation and the
acceleration of charged particles, i.e. their transport, in a background plasma,
which in turn is modelled using the MHD equations. Though, the charged
particles, e.g. cosmic rays, are not dense enough to qualify as a plasma in the
sense of the given definition. Nonetheless, their density is high enough for the
statistical methods, which we introduce in the first part of this chapter, to apply.

2.1 KINETIC DESCRIPTION

We stress that a statistical treatment of plasmas is not merely a simplification,
but a necessity stemming from the fact that it is impractical to know all the
initial conditions of the ordinary differential equations, which would determine
the particles’ trajectories thus the evolution of the plasma. Since it is infeasible
to know the velocities and positions of all particles at some time ¢, we rely on
a theoretical framework which is capable to handle this lack of information,
namely a set of tools collected under the label ‘classical statistical mechanics’.
The specification ‘classical” highlights the first assumption that we make through
out this work, i.e. we assume that the plasma density is low enough to neglect all
quantum effectsﬂ At the heart of statistical mechanics are probability density
functions, which allow us to compute the probabilities that the plasma particles

10nly if the plasmas’ density was so high that the average distance between particles, Ax ~
n=1/3, was of the order of the de Broglie wavelength, quantum effects would become important.
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are at a specific point in physical space and move in a given direction at a known
speed.

We explicitly mention the physical intuition guiding the usage of probab-
ilities: We do not know everything about the particles at hand, but we may
know something, for example, the temperature of a set of particles in thermal
equilibrium, which allows us to deduce, at least in principal, a set of possible
particle positions and velocities in accord with the given temperature. Some
particle configurations will be more likely than others. The lack of information
is compensated with the allowance of many possibilities in agreement with the
little we know. Another example for something we may know but which is not
tight to some sort of equilibrium is that plasma particles do not tend to form
clusters, i.e. their positions are uncorrelated.

A way to derive the Boltzmann equation is to use that the number of particles
has to be conserved and Hamilton’s equation of motion, see Thorne and Bland-
ford (2017, Box 3.2). We take a different route and adopt Klimontovich’s ap-
proach. This allows us to precisely define the concept of the one (or single)
particle distribution function; the central quantity of this thesis.

2.1.1 MICROSCOPIC PARTICLE NUMBER DENSITY

A plasma may consist of N, different components. For example, a fully ionised
plasma of protons and electrons has two components. Furthermore, we denote
with Ny the number of particles of component s. For each component, we define
the microscopic number density of particles in phase space as

Ny
f?,,z,t(t’xﬁ p) = Z 5(.76' - xs,i(t)) 5(1) - ps,i(t)> s (2-1)
i=1

where xg; is the position of the ith particle of component s in physical (or
configuration) space and p ; its position in momentum space (Schram, 1991, eq.
3.1.1). We note that this definition is symbolic in character, because of the delta
distributions. Though, the microscopic particle number density is well defined
inside integral expressions, for example,

N, = /fS,MdedSp,
v

where Nj is the total number of particles of component s contained in the phase-
space volume V.

We emphasise that the microscopic particle number density incorporates
the trajectories of all particles of component s. However, as pointed out in the
introduction to this section it is impossible to know all the initial conditions de-
termining these trajectories. We instead presuppose the existence of a probability
density function

D(t,El,...,ENC) =:D(t,E). (2.2)
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The components of the vector E are the phase-space coordinates of the N
particles of the plasma component s, namely Z5 = (£, ..., &5 v,) Where & ; =
(x5, Ps,;) are the coordinates of the ith particle of component s. We also defined
the vector £ = (&, ..., Ey,) that stacks together the coordinates of all plasma
components. Moreover, we introduce the infinitesimal volumes

dg:=d=; - dENC ,
d&, == dé; ...d&s N, and
dgs,i = d3xs,i d3ps,i .

With these definitions at hand, we can say that D(t, E) d= is the probability
to find particle 1 of component 1 at time ¢ in the infinitesimal volume d¢; ;
around & ;, particle 2 of component 1 in d¢; , around £, ,, etc. (Schram, 1991,
p. 10). More generally, D(¢t, E) d= is the probability for the plasma particles to
be at time ¢ located in the volume d= around E. We note that the probability
density function (2.2) implicitly assumes that the positions in phase space of
the particles of different plasma components are statistically dependent, in
particular, D(¢, E) # [ [ Dy(t, Ey).

An important property of the probability density function D is that its value
does not change if two particles of the same component exchange their phase-
space coordinates, i.e.

Dty s €1y eve s Eis oons Esi o ove s Es N > ENL)
= D(t, El’ ey fs,l’ eee s fs,ﬁ ’fs,i’ [ §S,Ns’ ’ENC) .

The reason is that the particles are identical and their labels arbitrary, i.e. nothing
prevents us from changing the index of the ith particle to be j and vice versa. We
refer to this property of D as symmetry and say that D is symmetric with respect
to its arguments (Schram, 1991, eq. 1.4.10).

This property, for example, allows us to uniquely define reduced distribution
functions of the plasma component s, namely

(2.3)

k) Ny! e -
(t, Y eens ):—fD(t,d)dd ..d ..d ..dE
ﬁ gs,l gs,k (Ns‘ — k)! L 1 gs,k+1 gs,NS Ne¢

~ Nk f D(t,E)dE; -+ A& ppr - désn, - dEN,,  (24)
|24

where k < N; and fs(k) d&;; --- d&; i is the probability to find an arbitrary particle
of the plasma component s in the infinitesimal volume d¢; ; around & ; and
an arbitrary particle in d€ , around &; , etc. Without the factor N!/(N; — k)!, it
would be the probability to find particle 1 of component s, i.e. a specific particle,
in d&; ; around & ; and particle 2 in d&; , around &; , etc. The factor counts the
possibilities to put k of the Nj particles at the k positions £ 1, ..., £ x (Thorne &
Blandford, 2017, eq. 22.60). Moreover, we note that we only use one integral
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sign in eq. (2.4), although we integrate with respect to all explicitly appearing
variables. We just implicitly assume that the volume of integration is the same
for all them.

We now show how we obtain macroscopic quantities with the help of the
probability density function D. When we say macroscopic quantities, we mean
the average of functions, depending on the individual particles’ positions in
phase space, computed with D(¢, Z). The average of the microscopic particle
number density serves us as an example. In a first step we have to redefine f; ,,
because it is a function of ¢, x, p and not a function of the individual positions
of the particles. In the context of averaging, we define it to be a random variable
that depends on all possible particle positions of the plasma component s, i.e.

fs,,u(x’ v, xs,l’ ps,1’ ’xs,NS: ps,Ns) = fs,u(f’ fs,l’ (LR fs,Ns)

Ns (2.5)
= fs,u(g’ Ey) = Z 5(5 - fs,i) )
i=1

where 6(¢ — £ ;) = 8(x — x;,;)6(p — ps,;)- This allows us to straightforwardly
compute the average particle number density, namely

Ny
(8 =E[fi ] = | 8¢ -&)D(t,E)dE

i=1JV

— N, [ 8¢ - £.000,5) a2 (26)
1%
- f 5 — &)V 8,0 A6y = FO18).
174

Notice that the only time dependent quantity is the probability density function
D. In the second equation we exploited that D is symmetric in the sense of
eq. (2.3). Wecall f; = 1) the one or single particle distribution function (Schram,
1991, eq. 3.1.2) and we recall that as a reduced distribution function fs(l) d3xd3v
is the likelihood for an arbitrary particle of component s to be found in the
infinitesimal volume d around &. However, the one particle distribution func-
tion is of course also interpreted as the average number density. The relation
between these two interpretations becomes clear if we consider a homogeneous
gas, i.e. a gas with a constant number density. Assume that the gas occupies the
volume V, then the probability for a particle, say particle 1, to be in dV around
x is dV/V. This implies that the probability density function is p(x) = 1/V. If
the gas consists of N particles, the probability to find an arbitrary particle in
this volume element is NdV/V = Np(x)dV. Np(x) is the example’s analogue
of the one particle distribution function and, clearly, it is the average number
density of the gas. This example highlights another aspect of the one particle
distribution function, namely its normalisation. Integrating N p(x) over V'yields
the number of particles. The same is true for the integral of fs(l)(t, &).
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Before we proceed with investigating the single particle distribution function,
we present to the reader an alternative (re-)definition of the microscopic particle
density. Instead of the definition given in eq. (2.5), we define Js,u to be arandom
variable that depends on the initial conditions of all particles of component s
and that evolves deterministically with ¢. This results in

f;,,u(t’x’ v’xs,l,O’ ps,l,oa seey xs,Ns,O’ ps,NS,O) (2-7)

Ny
= fs,,u(t’ f, 55,1,0’ ceey fs,Ns,O) = fs,,u(t’ f’ ES,O) = 2 6 (f - Es,i(t’ fs,i,o)) s
i=1

where £ ;(t, £, o) is the phase-space trajectory of the ith particle of compon-
ent s. It depends on the random initial conditions &;; o = (X, 0, Ps,i0)- The
corresponding probability density is D(E,) := D(0, F).

The two definitions of the microscopic particle densities are related to each
other. The first definition of the microscopic particle density, as given in eq. (2.5),
uses random particle positions, whereas the second definition in eq. (2.7) is based
on random initial conditions. If the random particle positions at t = 0 coincide
with the random initial conditions, as implied by the definition D(&,) := D(0, &),
then D(t,E) dE = D(E,) d=,, i.e. the the probability for the particles to be in
the infinitesimal volume d= around Z at time ¢ equals the probability for the
particles to have initial conditions in d=, around &,. The reason is that the phase-
space positions of the particles are determined by their equation of motions, i.e.
E = 5(t,5,).

This allows us to exchange the two definitions of the microscopic particle
density when computing its average or higher order (central) moments. For
example,

Ns

KO =E[fiu] =2 / (¢ — &,)D(t,5)d=
|4

i=1
Ng

=3 [ 8(£ — £,4(t, £4,1.0))D(Eo) dZ, .
i=1YV

In general, whenever we define a microscopic function, say A “(t, &), which
implicitly depends on the phase-space coordinates of the particles, we inter-
pret them as random variables when computing macroscopic quantities, i.e
when computing their average values. Hence, A,(t, ) becomes A, (£, &) or
Ayt €, Ep).

We return to the one particle distribution function. It is the quantity of our
work, because we use it to model the distribution of charged and energetic
particles whose positions and energies we would like to compute. If we say ‘to
model’, we mean that we are looking for a partial differential equation whose
solution describes how f; evolves in phase space. Because derivatives are only
defined for ‘smooth’ functions, we need to make sure that f; is smooth. The
average particle density will be smooth, if we choose the length and velocity
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scales of our model such that the average number of particles in a small cell,
small enough to be thought of as infinitesimal with respect to the chosen scales,
is not subject to large statistical fluctuations. This means that the standard
deviation of the average number of particles is small in comparison to the
average. We derive a quantitative criterion ensuring that the described condition
is fulfilled. To this end we compute the standard deviation of the average particle
number of the plasma component s, cf. Schram (1991, Section 3.1).
The exact number of particles in the phase-space volume 4 is

Noa(t) = f fot.6)dE.
A

In agreement with our redefinitions of the microscopic particle density in the
context of averaging, the average number of particles in 4 is

E[Noal® = | | fiu§8)D.B)dZdE = | (Ve ),
Mol 0= [ [ fue = [ 10w pas
see eq. (2.6). The variance of the average number density is
Var(N ) = E[(Noa — E[Nya])’| = E[N24] - E[N;a]’
- [ [ Bl e 2lasa
A YA
_ffE[f;,u(f:Es)]E[f:s,u(fl:Es ]dgdg’
AJA
= [ [ covu. =) e 20) e
AJA

The covariance Cov(fs (£, Es), f5,u(§’, E5)) quantifies how strongly deviations
of the microscopic particle number density from the average particle number
density at & are correlated with simultaneous deviations of the microscopic
particle number density from its average at £’. Note that we made the time
dependence implicit in the above equation. And we will leave it implicit for the
following equation to increase its readability.
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We compute the covariance in two steps: We, firstly, evaluate

E [fiu(€ B fiu(€,E)]
N N
=33 | 8¢ - &8 ~ £ )D(E)dE

i=1j=1YV

Ns
=2 | 8¢ —£,08(¢ ~ £,)D(E)d=
l=1];]S I;VS

+ 3030 | 8~ £,08(¢ — &, )D(E) d=

i=1j=1Jy
i#]

_ N, f 5(& — £,1)5(¢' — £,)D(E) dE
174

FNN 1) f 5(£ — £,1)3(¢ — &,,)D(E)d=
vV
=8¢ - @) + (2.8, (2.8)

where we in the last equation used that
[ 8¢ - g5 - £V ED a6 = 3¢ - 61O,
14

We note that fs(z)(t, £, &) is a reduced distribution function, see the definition
in eq. (2.4), and, accordingly, fs(z) d¢d¢’ is the probability that an arbitrary
particle of the plasma component s is in the infinitesimal volume d¢ around
¢ and another particle, no matter which, in d§’ around £’. It is called the pair
distribution function. It is common to write the pair distribution function as

fOE8) = OGOV E) + g6, £,E). (2.9)

The first term is proportional to the probability of finding two arbitrary particles
at the respective positions assuming that the particles’ positions are statistically
independent, also called uncorrelated. The function gg(t, £, £’) may be called
the two-point correlation function and represents the effects on the ‘uncorrelated’
probability stemming from interactions between the particles. These interactions
may drive the particles apart or cluster them, which leads to correlations in the
particles positions (Schram, 1991; Thorne & Blandford, 2017, eq. 3.15 and eq.
22.65 respectively).

In the second step we plug the above result into our definition of the covari-
ance. This yields

Cov (fy u(& B, fu(€' Ey))
= B [fiu@ Efiu& D] ~ B [fu@ ED] B[ (8. E)]

=8¢ — V@) + (P& E) - PO &)
= 8(¢ — V() + gt £,8).

(2.10)
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If we assume that the positions of the particles of component s are uncorrel-
ated, i.e. g, = 0, the variance of the average particle number in the phase-space
volume A4 is

Var(N; ) = / / 5 - &)V (@) dede = E[N, 4]

AJA
This implies for the standard deviation o, := Var(N; 4)!/? that

OA _
E[Nja]

E [M’A]—l/Z ,

i.e. the relative deviation from the average decreases with an increasing number
of particles in the volume A.

We conclude that if we would like to work with a ‘smooth’ single particle
distribution function, we have to assume length and velocity scales large enough
such that an infinitesimal volume (with respect to these scales) includes suffi-
cient particles. Sufficient means that the statistical variations of the values of f;
will be below a required accuracy.

2.1.2 KLIMONTOVICH EQUATION

The idea behind the Klimontovich equation is to start with the microscopic
particle number density instead of the equations of motion of the individual
particles. Klimontovich (1967, p. 48) writes that this is ‘convenient’ and he
may mean that this approach allows one to obtain equations for macroscopic
quantities, like the single particle distribution function, via averaging.

The formulation of the Klimontovich equation requires us to introduce the
microscopic particle flux in phase space

N
T (8, €)= D0 & :8(& — &,(1)), (2.11)
i=0

where gs,i = (vs,i’ ps,i)-
We assume that no particles are created nor destroyed, i.e. the number of
particles is conserved. This statement is equivalent t(E

7]
fA fo b, &) dE fA foultn, ) dE + f faAJs,M(r,@-der:o. (2.12)

20One may wonder why we integrated over ¢. The reason is that the number of particles does
not change continuously and, thus,

i [ Fuatt )08

is not defined.
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This is the Klimontovich equation in integral form. A is an arbitrary phase-space
volume with surface 04 and dS is a corresponding outward pointing normal.
If the microscopic particle flux was known, the Klimontovich equation
would determine the microscopic particle density. The microscopic particle flux
could, in principle, be computed if all initial conditions were known, because
the force acting on, say, the ith plasma particle of component s is the Lorentz

force, namely
P

x B, (t, X, 1)) (2.13)
and we could integrate the particles’ trajectories. Though, the source of the
Lorentz force is the motion of the plasma particles, because they are charged. We
introduced the symbols E,, and B, to denote these microscopic electromagnetic
fields. Notice that there is no subscript s; all plasma components contribute the
electromagnetic fields. This implies that we also would have to solve Maxwell’s
equations to determine the microscopic particle flux, i.e.

ps,i = < ,u(t X, l) + —

1
LA E,(t,x)-dS = %.é put, x) d*x (2.14)
dl = as+ L4
B,(t,x) - dl = p, Ju(t,x)-dS + = 2 ﬂ(t, x)-dS (2.15)

0Ay 04y

f E,(t,x)-dl = ccllt B,(t,x)-dS (2.16)
84y 0Ax

f B,(t,x)-dS =0, (2.17)
0,

where 4, is the configuration space volume of 4 = A,4,,. We use the integral
equations, because the fields, when evaluated at the position of a specific particle,
diverge and the positions of the particles are a null set and hence irrelevant for
the value of the integral. The fact that the microscopic charge densities and
current densities must be defined as

Pt %) = Zf " Z 5(x — x5,(1)) = Z " f fot.6)dp (2.18)
C NS

Ju(t, %) =Y g5 ) 05 i8(x — xsm)—zqs f P Slfsu(t Hd’p, (219
s=1 i=1

means that the Klimontovich equation (2.12) together with Maxwell’s equations
(2.14)~(2.17) and the definitions of the microscopic charge and current density
form a closed set of equations that fully determines the state of the plasma.
Essentially Klimontovich reformulated the original problem of computing all
particle trajectories in terms of the microscopic particle densities. An actual
solution to the above set of equations would still require to compute all tra-
jectories and, thus, is infeasible. However, Klimontovich’s idea is to use the
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Klimontovich equation as a starting point to derive an analogue set of equations
for the average microscopic particle number density, namely the single particle
distribution function.

To average the Klimontovich equation (2.12)), we proceed as in the previous
section, i.e. we redefine the microscopic particle density and the microscopic
particle flux to be random variables of the initial positions of the particles,
see eq. (2.7). We subsequently multiply the Klimontovich equation with the
probability density function D(Z)) and integrate over a phase-space volume that
includes all possible particle positions. This yields

/ / Fo s €. B 0)D(Eo) dZo dE — f f fot1, 6. B, 0)D(Eo) dZy dé
VJA VJA

15}
+ f f f JS,,L{(t’ f, Eo)D(Eo) dEO . dS dt = O .
vt Jaa

We now divide by At and take the limit At — 0 to get

d
4 f / fogults £, 8,0)D(E,) A5y dE
Ly (2.20)

+ f _/‘JS”u(t’ f,Eo)D(Eo) dEO . dS == 0
A YV

Notice that the t dependence appears in the arguments of the delta distributions
and it might not be obvious that the integrals yield differentiable functions.
Yet, that this is the case becomes clear if we use that D(E,) d=, = D(t,E)d=
together with the first redefinition of microscopic particle density, see eq. (2.5).
The function D(¢, E) is smooth in ¢t and, hence, the integrals are as well.

A way to interpret equation (2.20) is that particle number conservation holds
for all possible particle trajectories, i.e. eq. (2.12) holds; weighting the trajectories
with the respective likelihood and adding them up leads to the conservation of
the average particle number density.

2.1.3 THE BOLTZMANN AND THE VLASOV EQUATION

In this section we evaluate the integrals in eq. (2.20). We emphasise that the
integrated equation liberates us from the necessity to know all the initial condi-
tions determining the exact state of the plasma at all times. However, we need a
way to determine the unknown probability density function D. This way leads to
a chain of equations that gradually builds up the information contained in D and
that if not interrupted matches the complexity of determining the trajectories of
all particles (Krall & Trivelpiece, 1973, Sec. 7.4). It is possible to stop that chain
with the formal introduction of a collision term. This yields the Boltzmann
equation. Alternatively, a consideration of the parameters characterising a spe-
cific plasma, e.g. the interstellar medium, makes it also possible to stop at an
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early link of the chain. The Vlasov equation, as we will see in the following
paragraphs, results from the earliest possible interruption.
We now integrate the time derivative term in eq. (2.20). This yields

[ [ rutesmonEo s,
AYYV
-4 f N, / §(€ - £,,) D(t, B)d=d¢ (2.21)
A v

d
- i | epae,

where we used the symmetry of the probability density function as introduced
in eq. (2.3) and the definition of the single particle distribution function, see

eq. (2.6).

We proceed with the surface integral

f fjs,u(t,f,EO)D(Eo)dEO'ds
oA Jv

J

0A

fsz(tah'o)cS f fsz(t §s10))D(HO)d'~O ds (2-22)

2
J;

1= 1D

(:le) § gsz(t gszo))D(‘—'O)d'—'O (g::) ’

where dS,, is an outward normal of the surface 04 that belongs to configuration
space and dS,, is its momentum-space counterpart. Note that we suppressed

the arguments of f 5,i in the last line to increase the readability. We accordingly
split the evaluation of the integral and begin with the part belonging to the
configuration space, i.e.

N,
f f S st £10)8 (& — £5(t,£410)) D(Eo) A, - S,
8A YV i=1
= f N, f U516 (£ — &;,1)D(t,E)dE - dS,, (2.23)
oA 174
p
= _— s(t, )de
fa s

We note that the velocity of the ith particle of component s only depends on the
initial conditions £ ; , and not on the initial conditions of the other particles.
Moreover, vg; = pg1/m.
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The momentum space part of the integral is

N,
fa S Boi(t:50)3 (€ — &4t £4,10)) D(Eo) A, - dS,

A YTV i=1
WA
= Z f qsEy (x5, E)5 (£ — &) D(t,E)dE - dS,, (2.24)
0A i=1YV
Ny Dsi
+ f Z qs—= X By (x5;,8)5 (£ — &) D(t,E)dE - dS,,,
A i=1YV m

where we used the microscopic Lorentz force, as presented in eq. (2.13), and
again exploited that D(E,)d=, = D(t,E)dE. Notice that the microscopic
Lorentz force acting on the particle i of the plasma component s, i.e. py ;, de-
pends on the positions of all particles and not only the positions of the particle
itself. For the electric field term we get

Ns
f 2 | asEu(xsi B3 (§ - &,,) D(t, B) dE - dS,
[e)

A i=1YV

= f N, f Q5B (%51, 8)8 (£ — &) D(t,E)d= - dS,, (2.25)
oA |4

= f f 4:E, (%, B)f; (£, E)D(t,E)dE - dS,,,
oA YV

where we took advantage of the fact that the electric field E,, must be symmetric,
i.e. it is possible to exchange £;; and & ; without changing its value; again
particles of the same plasma component are identical, see eq. (2.3). In the last
line of equation (2.25), we ‘rexpanded’ the sum over i to recover the microscopic
particle density and replaced x;; with x. This was possible, because for an
arbitrary function g(y) it holds that

f g)5(x — y)dy = g(x) = f (x)3(x - y)dy.

It is possible express the microscopic electric field and the microscopic
particle number density in terms of their average values, namely

fs,/.t(t’ f’ ES,O) = f:?(t’ g) + 5f:v,;,t(t’ 5’ ES,O) (2-26)
E,(t,x,Ey) = E(t,x) + 6E,(t,x, E,), (2.27)

where we defined E(t,x) := E [Eﬂ(t, X, Eo)] to be the average (or macroscopic)
electric field. We note that these equations also implicitly define the new random
variables § f; , and SE ;, whose average must be zero, i.e. E [5Eﬂ(t, X, EO)] =

E[8f,(t.€,E50)] = 0.
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The new expressions for the microscopic density and the microscopic electric
field turn the electric field term into

f f 5By (%, B) f;,u(§, E)D(1, E) dE - dS),
oA YV
- _[ gs (E(t, )f5(1,§) + E[OE(x, B)3 f; u(§, 5y)]) - dSp (2.28)
oA
= / qs (E(t, x)fy(t, &) + Cov (E(x, B) f; (£, Ey))) - dS,,
oA

where we used that the expectation value is linear, i.e. E [aX + Y] = aE [X] +
E[Y] and that the expectation values of the random variables §f; , and 6E,
vanish. Furthermore, we note that

E[SE,(x,E)Sf; (£, E)| = E[(Eu(x, E) — E(t,%))(fy u(&, Es) — f5(t, ©))]
= Cov (E,(x, 8), f; u(&, Ey)) -

A completely analogue computation can be performed for the magnetic
force term. It results in

f qsﬁ X (B(t,x) fy(t, &) + Cov (B, (x, &), f; u(€. Ey))) - dS,, . (2.29)
oA

We collect the results our computations, namely egs. (2.21), (2.23), (2.28)
and (2.29) to plug them into the averaged Klimontovich equation (2.20). This
yields

d p
G [ sepas [ Breg.os,
¢ [ a(Eevre o+ Bxneonen)ds,
= f qs (COV (B (%, B) f, u(. Ey)) + % X Cov (B, (x, &), f; ,(£, ES)))-dSp
oA

Applying the divergence theorem and exploiting the fact that the phase-space
volume A was arbitrary, which implies that the integrand has to vanish, leads to

afsc(att’ Do V() +a, (Bt.x) + & x B.%)) - v, 50 ) (2.30)

= —q,V, - (Cov (Bu(x, &), (&, 5))) + % x Cov (By(x, 8), fy u(£, Ey))) -

We note that V,, - (p/m X B) = 0. We explore the meaning of the right-hand side
of this equation in the next section. Yet, we already mention that the appearance
of the covariance of the microscopic electromagnetic fields and particle number
density means that it will depend on the interactions of the plasma particles,
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because they determine if clusters of charges are formed or not. In this sense, we
formally replace the right-hand side with a collision term to obtain the Boltzmann
equation, namely

0fs(t, §)
ot

0V v, (B + B x B} v, a0 = () - e

C

If we ignore correlations of particle positions due to mutual interactions of the
plasma particles and, thus, set the right-hand side to zero, we get the Viasov
equation, i.e.

—afsgtt ) 4o V() + 4 (B + B x B0 Vo) =0. (232

Analogue to the microscopic electromagnetic fields, which are determined by
the microscopic particle number densities of the plasma components, the source
of the average E- and B-fields are the corresponding single particle distribution
functions. Thus, if we like to get a close set of equations for the f;, we need
to compute the macroscopic electromagnetic fields E and B. To this end we
average Maxwell’s equations (2.14)—(2.17) for the microscopic electromagnetic
fields. We exemplify the necessary steps using the microscopic Gauss law, i.e.

f E|E,(t,x,5E,)]|dS = / E(t,x)-dS (2.33)
dA

0y

= lf E[pu(t,x, Bp)| dx = %f o(t,x)d3x,

€o Ay 0 Ay

where we used the definition of the macroscopic E-field and defined the macro-
scopic charge density, namely

p(t,x) = E[p,(t,x, Ep)] (2.34)

N, N
=24 f / Jout:€,85,0)Do(Bo) dZ d3p = D gy f St & dp.
s=1 |4 s=1

Averaging the other three Maxwell equations works analogously, though, we
need the average current density, i.e.

J(t.x) = B[ ju(t,x,Ep)] (2.35)

N, N,
] Ps,i _ —_\ 1 ]
=3 q, f f Puiy (1.£.E0)Dy(E)dZydip =3 g / P r,6)dp.
s=1 |4 s s=1 ms

Because the single particle distribution functions are smooth, we can apply the
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divergence theorem to get the differential Maxwell’s equations, namely

N,
VECx) =12 [ 6O (236)

s=1

N
VXB(t,x):#Osglqsfmﬂsfs(t,f)d3p+clzg—f' (2.37)
V x B(t,x) = —aBgt’ X) (2.38)
V.B(t,x) =0. (2.39)

2.1.4 BBGKY HIERARCHY

The objective of this section is to explore the physical meaning of the collision
term in the Boltzmann equation. Therefore, we compute the covariance of the
microscopic electromagnetic fields and the microscopic density of the plasma
particles appearing on the right-hand side of eq. (2.30). If we make the assump-
tion that the plasma particles are moving slow in comparison to the speed of
light, we can ignore the contribution from the microscopic magnetic field B,,.
Our computations result in the hierarchy (or chain) of equations that we men-
tioned in the introduction to the previous section and whose earliest possible
interruption yielded the Vlasov equation. We climb up the hierarchy by one level
and show that the speculation about mutual interactions and their relations to
correlations in the particles’ position is the correct physical interpretation of the
collision term. At the end, we discuss physical conditions that may justify a stop
at a low level of the hierarchy.

We set about showing that we can ignore the microscopic magnetic field
when computing the right-hand side of eq. (2.30), if we assume a plasma that
is build of particles moving with velocities that are small in comparison to the
speed of light. We show that if this is the case the Lorentz force reduces to the
Coulomb force. In general, the electric field is

E(t,x) = =V¢(t,x) — %(t,x),

where ¢(t, x) is the scalar potential and A the vector potential, see Jackson (1998,
eq. 6.9). The potentials of a moving charge are the Liénard-Wichert potentials
and for the case of a particle that moves uniformly with velocity v, they have
the form

q 1

$(t,x) = 4mey |x — X(8)|

A(t,x) = 24(1%),
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where X(t) = X, + vyt is the trajectory of the particle and « is the angle enclosed
by the velocity and the distance between x and X(t), i.e cosa = v, - (x —
X(t))/vy |x — X(t)|. (Nolting, 2013, eq. 4.505)

This implies that we can treat the scalar potential ¢ as a function of the
distance between x and X(t). Abusing notation, we write ¢(t,x) = $(x — X(1)).
The time derivative of the scalar potential is

M = -Vo((x — X(1))) - vy = =V¢(t,x) - vy,

which implies that dA/ dt = —v,y/c*V¢ - vy. A consequence of the latter implic-
ation is that the magnitude of the rotational part of the E-field is smaller than
the magnitude of V¢ by a factor of vZ/c?, because

|A] :@|V¢'Uo| <U_(2)
Vol e [Vg| — 2’

where we used the Cauchy-Schwarz inequality.
Moreover, the Taylor expansion of the scalar potential is

q

P X) = e —X(D)

1 U(Z) ) 3 vé .4 6
1+ == sin“a+ =—sin"a+ OW§/c°) | .
(+202 +804 + O(vo/e)
The previous two statements show that the potential of a charged particle in
uniform motion is the Coulomb potential if second order ‘corrections’ in v,/c
are neglected. Thus, its E-field is,

~ _ q 1 — q 1 r_ 3.7
E(t,x) ~ 47reov|x—X(t)| = 4ﬂ€OfV|x_x,|5(x X(t)d’x". (2.40)

The B-field of a slowly moving charged particle is

B;(t,x) = (V X A(t,x)); = 1/czeijkv§%(t, X)

N q k 0 1
® T e U0 G T — X (1)

v’g ; 1
= €ijkc_2EJ(t’ X) = C—Z(UO X E(t,X))i .
An expression that we can also derive by starting in the rest frame of the moving
charge, Lorentz boosting into the inertial frame of interest and keeping terms of
the order v3/c?. The magnitude of the magnetic force due to this B-field acting
on another particle that moves with velocity v;, where v; = vy , is

q q v
22 [ X (o X E)l < 5 [vy][vg X E| < CI% |E| € O(v3/c?).

Hence, relative to the Coulomb force, the magnetic force term is second order
in vy/c.
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In summary, if we neglect terms that are elements of @(v3/c?) in the averaged
Klimontovich equation (2.30), we get

‘afs((att—’ 2 4 v VA D) + 4B 0 Vols(t:€)

= —q,;V, - Cov (E#(x, &), fsu(&, &) -

Neglecting these terms is called the electrostatic approximation (Schram, 1991, p.
40) or the Coulomb approximation (Krall & Trivelpiece, 1973, Section 7.3). See
in particular Klimontovich (1967, p. 51).

In this approximation it is possible to derive a more explicit expression for the
collision term, i.e. we can compute the covariance of the microscopic electric
field and the microscopic particle density. Using eq. (2.40) the microscopic
Coulomb field becomes

N, Ny 1
E(t,x)=) > — 4m f — ,|5(x’_xs,’i(t))d3x,

(2.41)

[ (2.42)
5 qs’ 1 N
_s§1_4ﬂ€0 /le—x'|‘f;'aﬂ(t’§) f .

The macroscopic(or average) E-field then is

Ne

E(t,x)=SZ=:1—4C7I:;O f le_lx,| /V fo u(€ B)D(t, E) dE B3¢’ .

Ne qs 1
= Z — ‘/.le_x,lf.;’(t’fl)dggl’

2 A

where we used the definition of the single particle distribution function as

presented in eq. (2.6). With eq. and eq. (2.43) at hand, we evaluate the
right-hand side of eq. (2.41), i.e.

Cov(Ey(x, E), f;u(&,5,)) = E [(E#(x, E) — E(1, %)) 8, (€, 8)]
Nc
) —[/(Z _4C7ITS€0 / |x x| (fou (&> By) = for(t, €7) 8 f5 (€, By) € )du

s’'=1
N
- Z _4(71120 fle—lx’lE[afs”“(g  Byr)0 fu(§, E)] %8 (2.44)
s'=1

Notice that

E [5];’,/1(§ ’ ‘-'s’)afs ,u(f ‘-’s)]
= Cov (]g’,u(f s Es)fs M(f '-'s))
=E [ﬁ;’,,u(f ) gl )f:v /.4(5 ‘-'s)] E [f:s’,;,{(f” Es’)] E [fs,,u(f’ Es)] ’

which shows, firstly, that the right-hand side of eq. could be understood
as a consequence of correlated (or co-varying) particle positions of the plasma
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components and, secondly, that it depends on E [ Jou(&,ENf(E, _.S)] The latter
expectation value in turn depends on the expectation value of the product of
three microscopic particle densities and so forth. This is the coupled chain of
equations that we mentioned and that determines the expectation values of the
product of ever more microscopic particle densities. This chain is called the
BBGKY hierarchy and is named after the physicists Nikolay Bogolyubov, Max
Born, Herbert S. Green, John G. Kirkwood and Jacques Yvon. For a concise
account of the BBGKY theory we refer the reader to Montgomery and Tidman
(1964, Ch. 4).

We digress for a moment from our investigation of the physically meaning of
the collision term, to derive the equation for E [ Jyu(& ENf(EE S)] We proceed
completely analogue to the case of the single particle distribution function
[t &) = E[f; u(t,€,E5,)], i.e. we use that the number of particles must be
conserved, see eq. (2.12). Of course, the number of particles of each plasma
component is conserved separately. We can thus multiply the particle number
conservation equation for component s with [, fy .(t;,§") d§” and the one for the
component s’ with f, f; .(t,,€) d§. We add the resulting equations up, average
them, divide them by At and take the limit At — 0. A careful handling of the
involved integrals then yields

0= C(lit f f Js “(t ¢, Es.0)fs ll(t §E E0)D(Ey) dEy d¢’dé

3

!/

b [ B9 [ ot Bt 6.5, 00D(E0) 820 08"
A |4
+

=

Ve f Foa(ta £ By o) fo (0. £, By 0)D(Eo) dZ dE” d
vV

3|

- f QB (6., Bo) fyr ot &' B ) f (12 £ By 0)D(Eg) A2 dE” dE
Vv

+

+
h%b\;

Vp/ . qu’EM(tix,’EO)f.;’,M(tigl’ES’,O)f:S‘,/,{(t’g’ ES,O)D(EO) dEO dgl dé‘.
|4

We plug into the above equation the expression for the microscopic electric field,
see eq. (2.42), and convert it into a differential equation. This results in

(aat P Vye+ = P er>E[fo w6 E By o) fs u(t €, Es0)]

NC qs9q 1 qsq 1 (2.45)
_ sUs” . s/ (s . . ) .
_Suz_lf(4n€0 VX|x_xn| Vp+ VX |x/_x//| VP)

X E[fn(t, ", Egn o) for u(t. &' Egr 0) fi (8, £)] AE” .
Cf., for example, Krall and Trivelpiece (1973, eq. 7.3.5). This shows that the

expectation value of the product of two microscopic particle densities depends
on the expectation value of the product of three microscopic particle densities.
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We stop here and do not show that the latter expectation value depends on the
expectation value of the product of four microscopic particle densities. Though,
we refer the reader to Schram (1991, eq. 3.5.10), who gives a formula, assuming
the electrostatic approximation and a one component plasma, how the evolution
of the expectation value of k microscopic particle number densities depends on
the expectation value of k + 1 densities.

Our overarching aim is to compute the single particle distribution function
fs(t, €), i.e. we must be able to interrupt this coupled chain of equations. This
brings us back to investigate the physical interpretation of the right-hand side
of eq. (2.41), namely the meaning of Cov (fyr (&', &), f;, u(&, Es)). We proceed
with our computations and evaluate

E [fé’,,u(fl’ Es’)fs,,u(f’ Es)]
=/.f;’,u(glsEs’)f;,,u(g’ES)D(taE)dE
v

Ng Ny

=35 | 8¢ - £y ) — £, )D(t, E)dE

i=1j=1YV

N,Ny f 8(E — £y )0(E — £,)D(1,E)AE  fors #s
14

O E,8) + 8 — &), &) fors' = s
_ {fs(,?(t, &8 fors’ #s
O, E,E) + 88 - €)1, €) fors =s.

In the third equation we used the result obtained in equation (2.8) and in the
last line we extended our definition of the reduced particle distribution function
given in eq. (2.4) to multiple species. This means that fs(,i)(t, £, £)dEde is
the likelihood to find an arbitrary particle of component s in the infinitesimal
volume d§ around £ and an arbitrary particle of component s’ in d§” around ¢£’.

We set fs(sz) = 3(2) and write more compactly
E[fou€' E)fiu& B = 57 (1680 + 838 = ENLE).  (246)

As before, we assume that the reduced distribution function fs(,i) can be written
as

FP,6,8) = (L Ofy (L) + 895 £, €,

where the product f; f;s is proportional to the probability of finding particles of
the plasma component s and s” assuming statistically independence and g is
the two-point correlation function representing statistical dependence of the
particles’ positions due to mutual interactions. As we will see soon, we have to
assume that g, is small, in a yet to specify way, and, thus, it can be considered
a correction of the “‘uncorrelated’ probability.
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We combine the results of our computations, namely we insert the expression
for the expectation value of the product of the two microscopic number number

densities, as presented in eq. (2.46), into eq. (2.44). The resulting expression is
subsequently plugged into eq. (2.41), which yields

D 1 vV 8) + B2 - V(e 8)
=V, Szl j;j;’ e UL N L
v, szl e |V ,| (gws(t: 6,8 + 89 s0(€ — ENfi(1, ) ¢’
= sz::l Z:qus(; /Vx |x_1x,| Vgt £, €N d3E". (2.47)

The last line follows, because
\Y% ;5(x —x")d3x' =
Ylx — x| B

Considering eq. (2.47), we find our speculation that the collision term rep-
resents the effects of correlated particle positions confirmed. In the electrostatic
approximation, these correlations are due to to the mutual Coulomb interactions
of the particles. Setting the right-hand side of equation (2.41) to zero, as we
did when we derived the Vlasov equation (2.32), is thus equivalent to ignoring
the two-point correlations of the particles’ positions, i.e. to ignore inter-particle
interactions.

A tenuous gas of neutral particles is an example for physical conditions that
allow one to expect little correlations of the particles’ positions. In such a gas the
interaction radius, say r,, will be less than the inter-particle spacing n=/3. This
implies that the number of particles involved in mutual interactions, namely nrg,
is small. Since the gy is a correction to the probability of mutually independent
particles, due to mutual interactions among the particles, it is plausible to assume
that gy is proportional to the number of interacting particles, i.e. gy, o« nr;.
Furthermore, it is also reasonable to assume that three-point correlations ggn g
are less likely than interactions between two particles. Hence, it is possible to
close the chain of coupled equations by setting the higher order correlation
functions to zero. (Krall & Trivelpiece, 1973, Sec. 7.4)

For a plasma the situation is different, because the Coulomb force is a long-
range force. However, the plasma particles mutually shield, or screen out, their
respective Coulomb forces. The Coulomb potential of a test particle actually
decays exponentially. The e-folding length A, is called the Debye length or the
Debye radius. That this is the case can be made plausible with the following
thought experiment: We consider a fully ionised and electrically neutral plasma
consisting out of electrons and protons. Additionally, we assume that the plasma



2.1 KINETIC DESCRIPTION 29

is in thermal equilibrium, homogeneous and that it behaves like an ideal gas,
i.e. the particles do not interact with each other. In this ‘plasma’, we immerse
a positive charged particle and allow all other particles to interact with it. We
expect that it attracts electrons and repels protons. As in a dielectric media the
displacement of the electrons and protons introduces an electric field which
weakens the electric field of the original particle.

It is possible to quantify this effect in terms of the potential @(x) of the test
particle. Since the plasma particles are in thermal equilibrium we expect that
they are distributed in phase space in agreement with the Boltzmann (or Gibbs)
distribution, i.e.

p(x,v) x exp (—E(x,v)/kgT) ,

where p(x,v)drdv is the probability to find an electron (or proton) in the in-
finitesimal volume dr dv around (x,v) and E = +e®(x) + 1/2mv? is the energy
of a proton (or an electron). Since we assumed that the plasma particles do
not interact with each other, the potential energy is due to the interactions of
the plasma particles with the charged particle that we immersed and located
at the origin of the coordinate system. Hence, @(x) is the potential due to the
additional charged particle and the charge density variation that it entails. This
explains as well why p(x, v) only depends on the magnitude of x and not on x, y
and z, i.e. we expect the influence of the particle to be spherically symmetric.

We factor out the kinetic energy and integrate over the magnitude of the
velocity, because we will compute the potential ¢(x) with Gauss’ law and we,
thus, need a charge density. This yields

p(x) x exp (Fe®(x)/kgT) .

Note that the signs in front of @(x) are exchanged, because of the minus sign
in the exponent of the Boltzmann distribution. The ratio of the probability
p(x) dx to the probability at x — oo, i.e. to the probability to find a particle in a
volume around a specific point in configuration space that is far enough away
from our immersed charge to be uninfluenced by it, yields an expression for the
charge density. At x — oo the potential of the immersed charge is zero and thus
the probability to find particle there is constant (as expected for an ideal and
homogeneous gas). We note that the probability p(x) dx must equal n(x) d3x/N,
where n(x) is the particle number density and N is the total number of particles.
If we introduce the particle number density of protons (or electrons) at x — oo,
namely ng , = ny, = ng = n(x — o), then the probability density function far
away from our test charge is p(x — o0) = ny/N. The proton number density n, ,
equals the electron number density n, ., because we assumed that the plasma is
electrically neutral. The ratio is

p(x) _ n(x)
Ro

p(x - c0)

= exp (Fe®@(x)/kgT) .
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Hence the particle number density is n(x) = ngexp (Fe®(x)/kgT). It can be
interpreted as a deviation from the ideal gas density n, due to the influence of
the immersed test particle.

We now compute the potential in a shell around the immersed charge. The
shell is located at a distance x that is large enough to ensure that the average
kinetic energy of the plasma particles, which is proportional to kgT, is much
greater than their potential energy @(x). In this shell n(x) =~ ny (1 ¥ e®(x)/kgT)
and Gauss’ law is

AD(x) = —e(ny(x) — n(x))/eg
_ cb(x)(no’p ¢ + no’eez>

kBT€0 kBTEO (248)
1 1 D(x
=:¢(x)(2 + = )=: (2)
AD,p AD,e /ID

In the second line we distinguish between electrons and protons, although their
number densities equal. We do so to motivate the expression for the Debye
radius of a multi-component plasma. In the last line we define the reciprocal of
the Debye radius for each component, namely for protons and electrons, and
eventually for all components together. For later reference, we explicitly state
that

kpTe
2 =-B8"0 2.49
Ds = Yo 02 (2.49)
1 1
- -y (2.50)
5 Zs:l%,s

It is possible to solve the homogeneous differential equation (2.48) using
spherical coordinates and the ansatz ®&(x) = ¢/xf(x), where cis a constant. Note
that f(x) modifies the potential of a point charge. This results in the equation

&2 f

2 — f(x)/2 =0,

whose solution is f(x) = exp(—x/Ap). The potential created by the immersed
charge thus is @(x) = c¢/xexp(—x/Ap). The constant c can be determined by
noting that the closer we get to the position of the immersed charge the less
‘screening’ occurs, i.e. exp(—x/Ap) — 1. This implies that close enough to the
immersed particle the potential reduces to the potential of a point charge and,
hence, c must equal e/47e,. (Debye & Hiickel, 1923, see in particular §3, eq. 14
for the computation of the constant )

The above thought experiment and its quantitative elaboration informs us
that there is a characteristic length scale, namely the Debye radius, which limits
microscopic particle interactions to the set of particles contained in a Debye
sphere (a sphere of Debye radius). Particles further away do not participate,
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because of the screening. It is clear, that the assumptions which went into the
thought experiment, e.g. thermal equilibrium, do not hold for plasmas which
are of interest to our research. The Debye radius, thus, needs to be understood as
an approximate length scale. A detailed discussion of how to extend the concept
of the Debye radius and its derivation to non-equilibrium plasmas can be found
in Meyer-Vernet (1993, Sec. 2).

We return to our original line of thought concerning the closure of the chain
of equations that appeared when we investigated the averaged Klimontovich
equation in the electrostatic approximation and that is commonly referred to
as the BBGKY hierarchy. We pointed out that for short-range interactions the
two-point correlation function gy is expected to be of the order O(nrg) and
since the interaction radius 7, is small, it is plausible to assume that all higher
correlation functions are even smaller and can thus be neglected closing the
chain of equations. For a plasma the situation is quite contrary, i.e. the more
plasma particles are contained in a Debye sphere, the smaller is the ratio of
particles involved in microscopic particle interactions to the overall number
of particles. For example, if we keep the temperature of the plasma fixed and
increase the density, the interactions get more and more local, i.e. the Debye
radius decreases. We define the plasma parameter

x:=1/2hn, (2.51)

where n is the number density of the plasma. Following our considerations we
expect the two-point correlation function gy to be of the order O(x) and, in
thermal equilibrium, it is possible to find an explicit expression for gy, which,
in deed, is proportional to x, see Krall and Trivelpiece (1973, Sec. 3, eq. 2.3.6).
The hope is that this carries over to non-equilibrium situations, despite the
fact that it has not been demonstrated under which circumstances three-point
correlation functions are negligible, see Krall and Trivelpiece (1973, Sec. 7.6)
and Montgomery and Tidman (1964, p. 47). If this hope is fulfilled and if » <« 1,
we can interrupt the chain of equations and ignore higher order correlation
functions.

2.1.5 THE VLASOV-FOKKER-PLANCK EQUATION

Assuming that it was enough to solve the first two equations of the BBGKY
hierarchy, namely eq. (2.47) and eq. (2.45) with a right-hand side excluding the
three-point correlation function, does not mean that this is straightforwardly
done. In this section we thus explore two more options to compute the collision
term. We briefly recapitulate Boltzmann’s original approach, because it motiv-
ates a Fokker-Planck ‘treatment’ of the collision term, which we subsequently
describe in more detail and which leads to the Vlasov-Fokker-Planck equation.
We close this section with the presentation of a relativistic generalisation of the
VFP equation.
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Boltzmann’s idea was to directly compute how the single particle distribution
function changes due to particle interactions instead of using a two-point correl-
ation function. For example, the form of the collision term in the centre-of-mass
coordinate frame for a two-component plasma, e.g. a fully-ionised hydrogen
plasma, is

(ﬁ) = Z By vy — V| f 4055 [ £(6) o (B0) — F(0) (0] (2.52)
5t ), ~ s [vy d PSR T AR

s'=1

where 0 and Oy are the velocities after the scattering event and the differential

cross section 5
doyr _ ( e? ) 1 (2.53)
do 2 .4 :
87eg [y — V| ugyr /) SIN"(6/2)

describes Rutherford scattering. uy = mgmg/(mg + my) is the reduced mass
and O is the scattering angle in the centre-of-mass coordinate system. (Mont-
gomery & Tidman, 1964, in particular eq. 2.1 and eq. 2.2)

We will not discuss the details of the collision term, but we would like to
highlight some aspects of the formula presented in eq. (2.52). The collision
term can be thought of as counting the particles which are scattered into the
range (v, v + dv) and out of this range. The positive part of the collision term
corresponds to the former and the negative part to the latter. Since only products
of two single particle distribution functions are considered, the collision term
accounts for two-body interactions only. This is related to setting the three-point
correlation functions to zero. Moreover, we can interpret the product of the
single particle distribution functions as the likelihood that a particle with, say,
velocity v interacts with a particle with velocity v. This implies that we are also
neglecting the two-point correlation functions, hence the particle’s positions
are uncorrelated before their mutual interaction. This assumption is called
molecular chaos. Hence, we can vaguely think of the collision term as correcting
for the effect of two-body interactions assuming that we can compute them
without including there influence on the particles’ positions. Another remark
concerns the binary nature of the collisions: Since the Coulomb force is a long-
range force many particles are simultaneously interacting and not only two
particles. However, if the deflections contributing most to the integral in the
collision term are small, simultaneous and random, they can be simply added
together as though two-body sequential collisions were occurringﬁ (Shkarofsky
et al., 1966, p. 16-17)

That small-angle scattering contributes most to the integral in eq. (2.52)
becomes plausible when we investigate the length scales of the interactions.
We define large-angle scattering to be a deflection by 7/2 and compute the

3Montgomery and Tidman (1964, p. 22) disagree with this view. They state that two-body
interactions are only correct for impact parameters b larger than the 90° impact parameter b,
and smaller than the interparticle spacing d and not for all interactions in the Debye sphere.
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corresponding impact parameter b, with the formula (see Mayer-Kuckuk, 2002,

eq. 1.12)
2

e 0
= oo [0y — 0| cot 5 (2.54)
We set 6 = /2 and approximate the reduced mass with the electron mass, i.e.
Ussr = M. Additionally, we use the root mean square velocity of a plasma in
thermal equilibrium to estimate the kinetic energy of the colliding particles to
be
Msst |Ugr — v|2 ~ mevr2ms = 3kpT.

All together, this yields an estimate for the 90° impact parameter

2
= ¢ _— Ap X
O 12meokgT — 127 P

(2.55)

where 1p . is the electron Debye radius given in eq. (2.49) and x is the plasma
parameter defined in eq. (2.51). We compare b, with the mean inter-particle
spacing d, namely

d = ng'® = Ap x'3, (2.56)

and find that for a plasma with » <« 1 the interaction length scales are ordered
as
by <d < p,.

Hence, inside the distances for possible microscopic interactions, determined
by the Debye radius, 90° deflections are rare, because the inter-particle distance
is much greater than the impact parameter b,. This in turn implies that small
angle deflections will dominate the value of the Coulomb collision term given
in eq. (2.52). (Montgomery & Tidman, 1964; Shkarofsky et al., 1966, p. 22 and
Sec. 1-2.7 respectively)

It is actually possible to evaluate the integrals in the Coulomb collision
term, if small-angle scattering is assumed and a minimal deflection angle 6 ,;,,
which ensures that the integral does not diverge, is adapted. The minimal
deflection angle is a consequence of the Debye screening, i.e. particles with
impact parameters larger than the Debye radius need not to be taken into account.
Intricate algebraic manipulation lead to an equation of the following form

1(6f\ @ aHS> 1 92 9%G,

?<§>c T vl (fs 501 ) T 2501807 \Paoraui ) (2:57)
where H and G; are the Rosenbluth-MacDonald-Judd potentials and Y is
constant. For details we refer the reader to Shkarofsky et al. (1966, Sec. 7.4)
and Montgomery and Tidman (1964, eq. 2.26-2.28). The important point for
us is that an equation of this form is called a Fokker-Planck equation and the

quantity YOH,/dv' is the coefficient of dynamical friction or the drift vector and
Y32G,/dv'dv/ the dispersion coefficient or the diffusion tensor. We remark that
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H, and G, depend on f; and, thus, eq. is non-linear. The Fokker-Planck
equation is, by definition, a linear equation, i.e. eq. (2.57) merely has the form
of a Fokker-Planck equation.

Fokker-Planck equations appear, for example, when Brownian motion is
studied, i.e. the random motion of a particle in a fluid whose size is such that it
experiences many small deflections without changing its average velocity much.
A charged particle in a Debye sphere constantly interacts with many particles
causing its velocity to change randomly. This analogy, together with the fact
that the collision term has the form of a Fokker-Planck equation, motivates to
turn things around and to start with the assumption that the collision term can
be computed with a Fokker-Planck equation.

To this end we assume that the probability that the charged particles’ velocity
v changes by Av in At is (v, Av) d3Av and we note that this probability is called
a transition probability. The fact that ¢ does not explicitly depend on time means
that the transition probability only depends on the current positions of the
plasma particles in phase space, i.e. on the current state of the system. Such a
stochastic process is called a Markov process and forms an essential assumption
when applying the Fokker-Planck formalism. With the probability density ¢ at
hand we can compute how the single particle distribution function evolves in
At, ie.

fi(t + At, x,v) = f]g(t, x,0 — Av)(v — Av, Av) d3Av.

We now expand both sides in a Taylor series. The left-hand side is
it + At,x,0) = £i(t, X, ) + ( oJ; ) At + O(AR) (2.58)
Cc

and the right-hand side equals

fi(t,x, v — Av)P(v — Av)

= f5(t, %, 0)3(v, Av) —( fsl,b(v Av) + fi(t, x, v)—¢> Av
1( &% 3f; oY Py \ .
T2 (6viévf¢( v) + 25 i uJ + fi(t, x, )6vi6v1)AU Av/ + O(lAv|3)
= fi(6 %, 0)9(0, 40) — 2 (0, L)Y(v, Av)) - A
1 0 l
+ 5 301g0; st %, v)(v, Av) Av Avi + 0 (|avf) . (2.59)

We drop the remainders of the Taylor series and integrate the right-hand side
over d*Av. This results in

(%)Cm 2 (it %, 0)E [40]) + >3 ?a ({03, 0)E [4viav]])
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where we used that the transition probability is normalised, namely

fl,b(v,Av) d3Av=1.
We define the components of the drift vector and the diffusion tensor to be

F':= E[Avl] /At (2.60)
DU = E[Av'Av] /24t . (2.61)

We note that in general the transition probability ¢ may depend on x implying
a dependence of the drift vector and the diffusion tensor on the position in
configuration space. With these definitions at hand we obtain the Fokker—
Planck equation, i.e.

(%

4 2
St )C = —35 (s(t,x, 0)F(x, v)) +

dvi dvi

(£t x,v)DY(x,v)) . (2.62)

We emphasise that the computation of the drift vector and the diffusion tensor
requires an explicit expression for the transition probability 1. An example is
provided in Sec.|3.2.2 in which we exemplify the computation of the diffusion
tensor.

If we replace the collision term in eq. (2.31) with the Fokker-Planck expres-
sion of eq. (2.62), we get the Viasov-Fokker-Planck equation, i.e.

afs(t, &) Sfs
ar T

v-V, fi(t,&) +q, (E(t,x) + BX(¢, x)) -V fs(t,€) = <§> . (2.63)

Note we added an external B-field. ‘Ext’ means that it is not created by the
plasma particles, but by other processes like dynamos in stars or coils in fusion
devices. This implies that it is independent of the plasma particles’ positions
and, thus, it can be taken out of the integral when averaging the Klimontovich
equation to derive the Vlasov equation.

Because we are interested in relativistic particles, we end this section with
discussing a relativistic generalisation of the VFP equation. If the plasma is
relativistic the Coulomb approximation breaks down, i.e. the magnetic field
generated by the particles contributes as much as the E-field to the Lorentz
force. Since the derivation of the BBGKY hierarchy was done in the Coulomb
approximation it is unclear if a similar chain of equations arises if relativistic
plasmas are considered and thus if the mutual particle interactions can still be
represented with a Fokker—Planck collision term. We did not find any literature
generalising the BBGKY hierarchy. However, we use the VFP equation to model
charged and energetic particles that interact with a background plasma. This
means that the interactions of interest to us are not mutual interactions of
particles, but interactions of the charged and energetic particles with MHD
waves propagating in the background plasma. If it is possible to model the
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changes these interactions cause using a Fokker-Planck collision term, then

the relativistic generalisation of the VFP equation, which we present now, is

applicable to the distribution function of the energetic and charged particles.
The relativistic Vlasov—Fokker-Planck equation we have in mind is

PPO% sy 65%-(%)
m axk T mik p”ap#_ 6t ).’

(2.64)

where dN = F(x#, p,,) d*x d*p is the average number of particles of component
s in the eight dimensional phase space parameterised by the variables (x*, p,,).
F* is the electromagnetic field tensor and

qF,"py = qy(E - v,—[E + v X B])

is the Lorentz force, see Achterberg and Norman (2018, eq. 24). The relativistic
Vlasov-Fokker-Planck equation can be derived exactly as the Vlasov equation,
i.e. starting with the conservation of particles and averaging it of all possible
particle positions in the eight dimensional phase space. This is done with a
probability density function D(t, ..., &, ..., §§NS, ... ) with é’fl = (xf:,i, p’s’fi). For
details we refer the reader to Klimontovich (1967, p.53-55).

We emphasise that four dimensions in momentum space is one dimension
too much for the plasmas of interest to our research. The reason is that for non-
virtual massive particles the relativistic energy-momentum relation holds, i.e.
E? = pc? + m?c*. Klimontovich (1967) directly addresses this with a different
definition of F;, we follow Achterberg and Norman (2018) and remedy this by
setting

F(xH, py) = 2mH(E)f(t, x, p)S(p* p, — m*c®). (2.65)

The unit step function H(E) enforces that the energies of the particles is positive
and the evaluation of the argument of the delta distribution shows us that the
relativistic energy-momentum relation is imposed, namely 8(p*p,, — m?c?) =
8 (E%/c* — (p* + m?c?)).

So far we reduced the statistical description of a plasma to a set of differen-
tial equations that determines the single particle distribution functions of its
components. Under specific plasma conditions, yet to be named, it is possible
to treat the plasma as a fluid and, hence, to work with a conservation of mass, a
conservation of momentum and a conservation of energy equation. This will be
explored in the next part of this chapter.

2.2 MAGNETOHYDRODYNAMICS

If collisions of plasma particles are frequent enough, it is possible to distinguish
between their random thermal motion and the motion of their centre-of-mass.
This distinction is at the core of a fluid model. Thermal effects will show up as
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static pressure, thermal energy etc. The bulk will be characterised by a velocity
and a density. (Shkarofsky et al., 1966, p. 52)

In this part of chapter, we restrict ourselves to a two component plasma,
namely a plasma consisting of ionized hydrogen and electrons. Moreover, we
assume that the velocity of the particles is much less than the speed of light, i.e.
p =~ mv. In the context of non-relativistic plasmas it is therefore common to
work with a single particle distribution function that depends on v instead of p,
see for example eq. (3.10) in Thorne and Blandford (2017) which is

dN = fi(t,x, p)d3p = f,(t,x, mv)m? d3v = f,(t, x,v) d>v.

We also restrain ourselves to a neutral plasma, i.e. the number density of protons
equals the number density of electrons n, = n,.

2.2.1 INTRINSIC VELOCITY

A key concept for distinguishing the motion of the centre-of-mass of the plasma
particles from their random thermal motions is the intrinsic velocity. We follow
Shkarofsky et al. (1966, Sect. 2.3) and start with a row of definitions: First, we
define the velocity average of an arbitrary function 7(v) to be

1
ng(t, x)

75(t, X) = ffs(t,x, v)n(v) dv, (2.66)
secondly, we define the Ith velocity moment of the single particle distribution
function as

B (L, x) = f vit - VIf(t, X, V) dv. (2.67)

We note that the number density ng is the zeroth moment of f,. Furthermore,
we define a fluid element to be the number of particles in the infinitesimal
volume d3x at x and specify that when we refer to the centre-of-mass of the
plasma particles we mean the centre-of-masses of the fluid elements. The total
momentum of a fluid element is the first velocity moment of the single particle
distribution function times m, i.e.

mgng(t, xX)0g = my / vf(t, x,v) d3v,

where mo; is the average momentum of a particle in the fluid element located
at x, cf. eq. (2.66)). Third, we define the bulk velocity

Meh,(t, X)0, + mynp(t, X)0p,

U(t, x) = (2.68)

NeM, + Ny,

Notice that this is the centre-of-mass velocity of the fluid elements of the two
component plasma that we are considering. Fourth, the relation between the
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motion of the bulk of the particles and their individual motions can now be
quantified in terms of the intrinsic (or peculiar) velocity that is defined as

w(t,x,v):=v—-U(t,x) (2.69)

and depends on ¢, x and the velocity v. Fifth, we also introduce the density of a
fluid element, i.e.
p(t, x) := men,(t,x) + mynp(t,x). (2.70)

As pointed out in the introduction to this section, we are interested in separ-
ating the effects of the motion of the bulk of the particles from their ‘thermal’
motion. This requires us to change the velocity dependence of the single particle
distribution function from vy to wy. This change of variables modifies the VFP
equation (2.63). In Shkarofsky et al. (1966, eq. 2-41a - ¢) we find that the time
derivative becomes

ow sl oU' s,
ot dwi  dt dwi

%fs(t, x,w(t,x,v)) =

and the adapted spatial derivatives are

ow o, _ s’ ai,
oxi dwj  oxi dwi’

d
ﬁfs(t, x,w(t,x),v) =
The velocity derivatives do not change, because

ow! 3,

ow 559 _ 9
dvt dwJ

Powi  owi't’

0
Efs(t’ X, w(t’x’ U)) =

We also must change v to w + U and the Lorentz force becomes
F, =q,(E —UxB +(w+U)xB)=q,(E +wxB),

where the primed quantities are defined in the centre-of-mass frame of the fluid
element. We note that in the limit of an infinite speed of light, i.e. ¢ = oo,
B' =B. E The transformed VFP equation is

Diy
Dt

. 9s (g _bu_ ) V= (ﬁ)

+w- V,f+ (ms (E' + w X B) D Jyw |- Vufs = 5t ). (2.71)
where dD/ dDt := 8/8t+U -V is the material derivative, (Jy;);; := dU'/8x/ is the
Jacobian matrix of the fluid velocity U and the factor 1/my in front of the Lorentz

“In Shkarofsky et al. (1966) and other textbooks only the velocity v, is changed, the electro-
magnetic fields are not transformed. This gives E + U X B + w X B. This is equivalent to our
transformation of the Lorentz force, since E' = E+ U X B+ O((U/c)?). We choose to transform
the electromagnetic fields, because changing coordinates in velocity space also requires a change of
the force. For example, let p'# = AX p” be a constant transformation, i.e. a Al is independent of x
and t, then the transformation of Newtons second’s law is dp’#/ dt = dA’,fp”/ dr = AKK? = K'H,
where K is a four-force. We also refer the reader to eq. (28) in Achterberg and Norman (2018)
which shows the transformation of the Lorentz force.
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force appears because we are working with a velocity dependent single particle
distribution function, see Shkarofsky et al. (1966, p. 60). The U-dependent
terms in front of the velocity derivative V,, appeared, because the definition of
the intrinsic velocity can be understood as a coordinate transformation into a
non-inertial frame, see eq. (2.69). A transformation into a non-inertial frame
leads to a fictitious force, namely

dt — dt N ot = At dxJ
ou oU DU
= _ =)= - — = F'
m( o ° axj> m(Dt '”Uw) Fy-

where we investigated the momentum of a free a particle, namely dp/dt = 0, to
isolate the fictitious force. Note that the fluid velocity dependent terms in front
of V,, are exactly Fy/mj.

2.2.2 INTRINSIC VELOCITY MOMENTS

The next step towards a fluid description of our plasma is to compute the in-
trinsic velocity moments of eq. (2.71). We show in the next section that its zeroth
intrinsic velocity moment yields the mass conservation equation, its first mo-
ment the momentum conservation equation and its second moment the energy
conservation equation. In this section, we derive an equation for the Ith intrinsic
velocity moment. This equation demonstrates that the Ith intrinsic velocity
moment of f; does depend on its (I + 1)th moment; again resulting in a chain of
equations, that needs to be closed with appropriate physical assumptions about
the plasma to be described.

We start and multiply eq. (2.71) with mgw' --- w¥ and integrate over d3w.
This yields for the time derivative term

Df : ; D/1 ; ; D _i..i
D—tsl’l’lslal)l1 ewh ddw = Di (n—S f ngmgw' --- Wi d3w) = Dt s e
where we applied Leibniz integral rule to pull the total time derivative out of
the integral. Moreover, we extended the definition of the velocity average, as
presented in eq. (2.66), to the intrinsic velocity w and, based on the definition

of the velocity moments in eq. (2.67), we also defined Wil = ngmgw' - wi,
Analogously, the integral of the spatial advection term is

) o 8 i
i i 3 — Jiieeh
mgw' - whwlf; d>wy = — Wy .

mgw' - w‘lwf—fs. 3w, = .
oxJ oxJ

 oxi
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The integral of the Lorentz force term is

quwil - wh (E'+ w X B) - V,,f, d*w

= f gs (w - w" (E' + w X B)f) - dS
v
- f qsVy - (W' - w't (B’ + w X B)) f; d*w

— E!k a il il d3
= —qs W(w W )fs w

- qsekmnB"f a;:)k (wh - whw™) s dw.
Integration by parts yields the surface integral in the second line. It disappears,
because the single particle distribution function f; is zero at infinity. We note
that raising or lowering an index of the Levi-Civita symbol does not change its
sign, i.e. €¥;,, = €xm» because we are in Euclidean space and the metric is 5]
The evaluation of the integrals gives

l
_qSE/kf aik (wil wil) fi 3w = _qSErk Z 5Ilcm H wl'nfs d3w
m=1 n=1
n#m
l

—Ns(s Z E,im H win
n=1

m=1

n#m
_&lm(il"'ilqE’il) )

S

Note the ‘unusual’ usage of the sum and the product symbol in the second line,
i.e. we sum over or multiply different indices and not different values of indices.
The notation used in the definition of the tensor in the last line is taken from
eq. (1.7a) of Thorne (1980), namely

1
Sab(cde) = g (Sabcde + Sabced + Sabdce + Sabdec + Sabecd + Sabedc) . (2-72)

W%(il"'l"lE'l’) should hence be read as the ‘symmetrisation’ of a tensor with
components Wy' "1E™. The equivalence

1 l
lm(ll'“ll—lE’ll) = ngm, Z E'imH win
m=1 n=1
n#m

is a consequence of the symmetry of Wy -1 The symmetry implies that there
are (I — 1)! copies of each term on the left-hand side of the equation and, by
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definition (2.72), the left-hand side is also divided by I!. In total each term is
multiplied with (I—1)!/I! = 1/1. In a completely analogue manner, the magnetic
force term is turned into

_&lmm(il“'il—leil)man ,
S
where the index m is outside the parentheses, because contracting with the
Levi-Civita symbol yields zero, i.e. €™, = 0.
We repeat the above computations for the fictitious force terms and get

; D — (iy--ei i
— f mswll wllD_ltJ . was d3w — lm(ll ll_lDUll)/Dt.

It has the same structure as the E’-field term, but with E’ replaced by DU/Dt.
Note that the convective derivative D/Dt only acts on the fluid velocity U.
Moreover,

- f mswil wilJUw - Vofs dBw = lmj(il"'il_lanl)/axj 4V, Uﬂ?silmil .

To handle the collision term on the right-hand side, we define

1 : . Of O i
— [ ngmaw - wh =2 Bw = =W,
ng / S St st °
which symbolically represents the changes of the velocity moment caused by
the mutual interactions of the plasma particles.
Putting all the terms together results in the chain of equations that determ-
ines the intrinsic velocity moments of {y, namely

D _i...i 0 .o jiy-i q = (ig--+ij_q 1)) —m(iyip_y ip)
= i Z+EM1 l_ﬁss(lml F g @ llelman)
" lm(ll'“ll—lDUll)/Dt + lwg](ll"'ll—laUll)/axj +V, U
8 . ipei
= A (2.73)

compare with Shkarofsky et al. (1966, eq. 9-4a). We emphasise that the Ith
intrinsic velocity moment depends on the (I + 1)th intrinsic velocity moment
via the second term of eq. (2.73).

2.2.3 FLUID EQUATIONS

In this section we use eq. (2.73) to compute the fluid equations (mass, mo-
mentum and energy conservation) of the fully ionized hydrogen plasma that we
are currently considering, i.e. we compute the intrinsic velocity moments for
[ = 0,1 and 2. We do so for the electron and proton component and directly add
them up. We begin with defining the following symbols for the average intrinsic
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velocity moments and derived quantities (Shkarofsky et al., 1966, eq. 9.5a-e and
eqg. 9.12-13):

(7y)! == ngmgul :== ngmgwi = W} (average intrinsic momentum/velocity)

i = ngmewiw/ = W (intrinsic pressure tensor)
TV = Z Vol (total pressure tensor)
N
ps = ﬁé,i/3 = nsmsﬁ/S (intrinsic or static pressure)
P:= Z ps = IT4/3 (total static pressure) (2.74)
S
ijk _ —— _ aoijk e
qs = ngmgwwwk = Wy (intrinsic heat flow tensor)
Qijk .= Z qéj k (total heat flow tensor)
S
(qy)t = qgj /2 = ngmgw?w'/2 (intrinsic heat flow vector)
Q)= (qy) = Qj/2 (total heat flow vector)
S

In the course of the following computations we will repeatedly use that the
sum of the intrinsic momenta is zero, i.e.

Zn’s:O.
S

The reason is that the bulk velocity, relgtive to which w is defined, is the centre-
of-mass velocity of the fluid elements.”
For the I = 0 case, we get

5neme aanP
ot ot ’

D o) , .
D (neme + npmy,) + o (e + 7th) + V- Ulngme +nymy,) =
Employing the definition of the plasma density, see eq. (2.70), and taking into
account that the intrinsic momenta sum to zero and that no electrons or pro-
tons are created in collisions, the above equation becomes a mass conservation
equation, namely

Dp _0p _
D_t+vx.Up_§+Vx.(pU)_0’ (2.75)
see Shkarofsky et al. (1966, eq. 9-16).
SExplicitly computing
Ty = ni ngmgwfs &>w = myngo, — ngmU(t, x),

where we used eq. (2.66) and that d*w = d3v to get by, and summing 7, and 7, gives the claimed
result, see the definition of U presented in eq. (2.68).



2.2 MAGNETOHYDRODYNAMICS 43

For the | = 1 case, we get

3 . . ] )
e (nél + 71',]31) —e(n, —n,)E" — e’ y, (npuft — noult) B"
x

DW_5@J+5WJ

+ (n,m, + npmp) D = s 5

We again exploited that the sum of the intrinsic momenta is zero. Furthermore,
the assumption that the plasma is neutral, i.e. n, = n,, implies that the second
term vanishes. With the introduction of the definition of the intrinsic current
density, namely

J' = en,u, —en.u,, (2.76)

the equation for the first velocity moment becomes the momentum conservation
equation of the plasma, i.e.
DU! 9

S+ 311 — Sl B = 0, @77)

Jej

where we employed the definition of the total pressure tensor IT%/ (Shkarofsky
et al., 1966, eq. 9-17). The right-hand side equals zero, because we presuppose
that the change of the electron momenta due to collisions is balanced by a
corresponding change of the proton momenta, i.e. 67, / 6t = — dmp / ot. Before
proceeding with the second velocity moment, we remark that the intrinsic
current density equals the current density defined in the laboratory frameF in
the approximations we made, namely the neutrality of the plasma and that the
speed of light is infinite (Thorne & Blandford, 2017, eq. 19.3d). This becomes
clear in the light of the following computation

J' = en, (b, — U) — en, (b, — U) = en,o, — en b, —eU(n, —n,) = J. (2.78)
For the | = 2 case, we get

D .. o) . L .
—HU _~ Nkij _ -lE/J J/]E/l
T 6ku B+ )
e P i i i € i-j j i
T <7T;r)mejmn + ”IrJnjelmn) B" + . <7Terzmejmn + ”gnjelmn) B" (2.79)
15} e
;ou/ oU! i 6 _ij 0 ij
Hkl ij_ V. UV = — J — j,
Tk Tk T Y 507 T 5

We simplify the above equation with the assumption that the electrons and
protons are scattered frequently enoug to keep their single particle distribution

%We call the inertial frame in which we originally defined ¢, x and v the laboratory frame.

A Lorentz transformation of the four-current density shows thatJ' = J + O((U/c)?), i.e.
the equation is correct up to second-order corrections in U/c.

8The vagueness of this statement is intended. If the assumption applies depends on the
timescales of interest.
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functions isotropic in the rest frames of the fluid elements, i.e. f4(¢, x, w) does
not depend on the angles 6 and ¢. This has two implications: Firstly,

2 (t,%) = mg f wiw/fs(t, x, ww? dwdQ =0 fori#j,

i.e. the off-diagonal elements of the intrinsic pressure tensor are zero and,

secondly, its diagonal elements are equal, namely 7!! = 72?2 = 733, This
motivates to contract eq. (2.79), i.e.
D 0 ki 1 x OU! i _ 9 i S i
D—tHi+wQ l—ZJ El' + 2IT iﬁ+vx-Uﬂi— E e,i+§np,i’

where we exploited that the contraction of a symmetric tensor, namely 777, with
an anti-symmetric tensor, €;,,,, gives zero. Dividing the equation by two and
employing the definitions given in eq. (2.74), results in

i(EP)+VX-<Q+§PU>+PVX-U—J’-E’=0. (2.80)
ot \2 2
We define in analogy to a monoatomic ideal gas the thermal or internal energy
of the plasma to be 3/2P. Hence, eq. (2.80) can be interpreted as an energy
conservation equation. This also explains why we set the right-hand side to zero:
the energy transfer between electrons and ions due to collisions must balance.
(Shkarofsky et al., 1966, eq. 9-19)

We obtain an alternative form of the energy conservation equation by noting

that eq. (2.80) is equivalent to

DP 5 2 2
— 4+IPV..U=-2v.. il (S
Dt+3 VarU 3°F Q+3J ’

and by writing its left-hand side as

DpP SPDpZE_*_P 5/3Dp—5/3
Dt 3pDt Dt Dt

D
_ ‘OSBE (Pp_5/3) ’

where we used the mass conservation equation (2.75)), see Shkarofsky et al. (1966,
eq. 9-21b). If we now assume that there is no heat flow involved in changing
the pressure and, moreover, that the conductivity of the plasma is infinite, i.e.
Q = 0and E’ = 0 respectively, the energy conservation equation is turned into
the adiabatic equation of state, that is

D

2 (Po-5/3) =
o (Pp~>3)=0. (2.81)
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2.2.4 IDEAL MHD EQUATIONS

The fluid equations are insufficient to determine the state of the plasma, because
they contain electromagnetic fields that exist due to the plasma’s motion. A
closed system of equations is obtained with Maxwell’s equations. The objective
of this section is to demonstrate that it is possible to eliminate the E-field from
Maxwell’s equation. The result are the magnetohydrodynamic (MHD) equations.
The key step is to derive an expression of the E-field in terms of the current
density J, the so-called generalised Ohm’s law. Furthermore, we show that the
assumption of an infinitely conductive plasma leads to a major simplification
of the generalised Ohm’s law and, consequently, of the MHD equations. The
simplified equations are refereed to as ideal MHD equations.

In a first step towards the generalised Ohm’s law, we multiply the zeroth
velocity-moment equations of the protons and electrons, i.e. the I = 0 specialisa-
tion of eq. (2.73), with +e/m, and add them together. This yields

% (en, —en,)+ Vy-J' =0, (2.82)
which is the charge conservation equation. Note that its right-hand side vanishes,
because no particles are created or destroyed in collisions. Since we assume that
the plasma is neutral the time derivative vanishes.

In a second step, we repeat the computation using the first velocity-moment
equations, namely the momentum conservation equation of the protons and
electrons. The result is

Jji ji
Rj’i_i_ei ﬂ_p_ﬂ_e _e2<2+&>E'i
Dt ox) \m, m, my, me
n n . DUi -an
2 P.m e . m)\ i n ’
—et| —um+ —um et B+ (en, —en,) — +J'/—
(o + ) o+ e, —en 5 41152

e 8(mp) e 8(m)!
m, Ot m, &t

+V,-UJt =

For the case of a neutral plasma the above equation can be rearranged to the
generalised Ohm’s law, i.e.

o't ; ; 0
v (U + U e (L2 Pe
ot oxi\m, m,
ne2 . m, — mp . e . (283)
_ E'l— €1an/mBn — (Aﬂpe)l ,
HMpe mpyme HMpe

where we used the conservation of charge equation (2.82), the definition of the
reduced mass u,, defined n := n, = n, and exploited that the momentum
transfer between protons and electrons must balance each other, i.e. Azp, =
or, / ot = — o=, / dt. Moreover, the assumption that the particle distribution
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functions of the protons and electrons are isotropic in the rest frames of the
fluid elements implies that the ion and electron pressure are a scalar. We note
that the form of the magnetic force term is due to the fact that

n n 1
m—l;up + Weeue = o (menpu, — (7, + 7,) + Mpneu,)
me, — my,
= W (npup - neue) .

where we once more used that the sum of the intrinsic momenta vanishes. We
note that a generalised Ohm’s law for a non-neutral plasma is presented in
Shkarofsky et al. (1966, p. 430-431).

The mass conservation equation (2.75), the momentum conservation equa-
tion (2.77) and the energy conservation equation (2.80) together with Maxwell’s
equation form a complete set of equations. In principle, the E-field can be
replaced with the current density via the generalised Ohm’s law and, as stated
in the introduction to this section, we refer to the resulting set of equations as
magnetohydrodynamic (MHD) equations or, more compactly, as magnetohydro-
dynamics.

Further simplifications of this set are possible depending on the parameters
of the plasma that should be modelled. In the rest of this text we adopt for the
background plasma, in which the charged an energetic particles are accelerated,
asimplification that bears the name ideal MHD. In the ideal MHD approximation
it is assumed that the heat flow does not contribute to the energy change of the
plasma and that the generalised Ohm’s law reduces to

E=E+UXB=0, (2.84)

which describes an infinitely conducting plasma and implies that the energy
conservation equation can be replaced with the adiabatic equation of state
given in eq. (2.81). The discussion of the validity of the assumptions going into
this simplifications is beyond the scope of this thesis. However, we quote the
necessary conditions on the plasma parameters. To this end we once more
transform the generalised Ohm’s law for a neutral plasma given in eq. (2.83),
namely we neglect terms that are multiplied with m,/m, < 1 and replace
Mpe With m,. We also introduce a scattering frequency to parameterise the

ion-electron collisions, i.e. (e/me)(Anpe)i := —VpoJ’. This results in
197" 1 . ;
—— = - —V,- (U +J'UY)
Vpe Ot Vpe
e 0 ne* . e ; (2.85)
— D + E" — € MB" =J".
M Vpe OX! VpeMe VpeMMe

We note that in steady-state and in the static limit, namely B = 0 and p, = const.,
the plasma does not flow and the above equation reduces to the ‘standard’ Ohm’s
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law, usually defined in the rest frame of a conductor, i.e.

Ji= i op,
VpeMe
where we defined the conductivity o.°
The reduction of eq. (2.85) to the form used in ideal MHD, namely eq. (2.84),
requires that all terms are much smaller than E’. After diving eq. (2.85) by o,
the conditions are

m, oJ’ s C()pe
o2 57 can be neglected if = > 1 (2.86)
: LUowce

ViP. can be neglected if KTo/m, >1 (2.87)
"X B Lo U

T X can be neglected if _pe_;) > 1 (2.88)

Wee C

! LU,

T can be neglected if Ry := 1, (2.89)

o oMo

where L is a characteristic length and U is a characteristic velocity. w,, :=
(ne?/mye,y)V? is the electron plasma frequency, w,, := eB/m, is the electron cyclo-
tron frequency and Ry, is the magnetic Reynolds number. The factor kgT/m, =
U2 ms/3 is one third of the root mean square velocity of the electron distribution
and can be considered to represent a typical velocity of an electron. (Krall &
Trivelpiece, 1973, Sec. 3.6)

At the end of this chapter we use the ideal MHD approximation in con-
junction with Maxwell’s equation to derive an equation that evolves the B-field
and to express the current density J, the E-field and the charge density p, as
functions of B. We use the magnetic field as the primary variable (Thorne &
Blandford, 2017, Sec. 19.2). We derive an equation for the evolution of the
B-field by taking the curl of the reduced generalised Ohm’s law, as presented
in eq. (2.84), and we, subsequently, plug the result into the Maxwell equation
V, X E = —0B/dt. This yields

66_1? =V, x(UXB). (2.90)
This equation is called the induction equation for an infinitely conducting plasma,
see Thorne and Blandford (2017, eq. 19.6).

For the electron-proton plasma studied, Ampere’s law (2.37) is

2 p 1 0E
— r 3 —_ =
vxxB(t,x)—Mo;:l, qsfmsfs(t,f)d P+ 55

_ _ 1 0E
= po (en,p, — en, ;) + =0
1o
c2ot’

We note that in our laboratory frame the standard Ohm’s law is J = g (E + U X B).

= poJ +
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where we used the expression for the current density J in the laboratory frame
given in eq. (2.78). The displacement current is of order E/(¢*T) ~ UB/(c*T) ~
(U?/c?)(B/L), where T ~ L/U is the time scale on which the E-field varies and L
is the corresponding length scale. Moreover, the ideal MHD approximation im-
plies that E ~ UB. Since the curl of B is of order B/L, we drop the displacement
current in agreement with the non-relativistic approximation that we made
(Thorne & Blandford, 2017, cf. eq. 19.5a). The current density thus is
1
J=—V,xB(x). (2.91)
Ho

Eventually, the charge density can be computed with Gauss’ law (2.36) in con-
junction with the reduced Ohm’s law (2.84), i.e.

pg = —€oVx - (UXB) (2.92)

see Thorne and Blandford (2017, eq. 19.5c¢).
This completes the set of ideal MHD equations. We summarise them for
later reference (cf. Shkarofsky et al., 1966, eq. 9-40 - 9-44):

(a) The mass conservation equation (2.75)

Dp _0p _
D—t+vx'Up—§+Vx'(pU)—0, (293)

(b) the momentum conservation equation (2.77)

D
pD—ItJ+VxP—J><B=O, (2.94)

(c) the adiabatic equation of state

DBt (Po~3) =0, (2.95)

(d) and Maxwell’s equations

aa—? =V, X (UXB)
(2.96)

J= iVx X B(t,x).
Mo



CHAPTER 3

PARTICLE TRANSPORT IN TENUOUS
ASTROPHYSICAL PLASMAS

In the last chapter we derived different equations to model plasmas. Most
importantly, the VFP equation and the ideal MHD equations. In this chapter,
we apply them to model the transport, i.e. the propagation and acceleration, of
energetic and charged particles in astrophysical environments.

The MHD quantities, e.g. the bulk (or fluid) velocity U, are used to describe
a plasma in which the energetic and charged particles are transported. We call
this fully ionised and electrically neutral plasma the background plasma. We
assume that the ion and electron distribution functions are isotropic, that its
conductivity is infinite and that the plasma flows with velocities that are small
compared to the speed of light. This ensures that the ideal MHD approximation
is valid. In the context of this chapter, the single particle distribution function f
is the average number density of the energetic and charged particles in phase
space. The VFP equation is used to evolve f in the electromagnetic fields of the
background plasma. The collision term (8 f/5t). models the interactions of the
particles with excitations of the background E- and B-fields. These excitations
may be plasma waves propagating in the background plasma and/or MHD
turbulence.

In this chapter we pursue two different, yet related, goals: First, to develop a
physical intuition for the transport process that is at the core of our research,
namely the Fermi acceleration process, and, second to formally adapt the VFP
equation to the scenario described in the previous paragraph. In particular, it
is necessary to obtain an explicit expression for the collision term. The main
reason that the Fermi acceleration process is the focus of our research is that
the energy spectrum of Galactic cosmic rays and the electron energy spectrum
of many non-thermal sources is an inverse power-law, i.e.

dN

— xE %,

dE X
where the spectral index o ranges between 2 and 3. The fact that the observed
spectral indices are about the same in very distinct sources identifies collisionless

shock waves as candidate locations for particle acceleration, because these shock
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waves are ubiquitous in astrophysical environments. A supernova remnant
shock is a prototypical example. (Longair, 1994, p. 344)

The application of Fermi’s arguments to a collisionless shock wave yields
a power law in rough agreement with the observed spectral indices. Because
the bulk of Galactic cosmic rays is expected to be accelerated at SNR shocks
and because it is likely that the Fermi acceleration mechanism operates there,
we need equations that model it accurately if our aim is to better model the
energy range representing the maximum energies that particles can reach in our
Galaxy, namely the energy range starting at the ‘knee’ of the cosmic-ray energy
spectrum, see Fig. 1.1.

Hence, the first part of this chapter starts with a reconstruction of the original
derivation of the Fermi acceleration mechanism as described in Fermi (1949).
Subsequently, we apply Fermi’s arguments to the acceleration of particles at a
parallel shock, in doing so we use computations and arguments that we took
from Kirk (1994) and Bell (1978).

In the second part of this chapter we adapt the fully relativistic VFP equa-
tion (2.64) such that it models the transport of relativistic particles in a non-
relativistically flowing background plasma. Therefore, we follow Blandford and
Eichler (1987) in embedding Fermi’s ideas into the Fokker-Planck formalism,
i.e. we derive an explicit expression for the collision operator that models the
particle-wave interactions. The collision operator has a simple form in the rest
frame of the waves that scatter the particles. This motivates the introduction
of a mixed-coordinate system, namely a coordinate system in which the config-
uration space coordinates x are defined in an inertial laboratory frame and the
momentum space coordinates in the non-inertial rest frame of the background
plasma. The rest frame of the background plasma is an approximation to the
rest frame of the waves. We proceed as Achterberg and Norman (2018) and use
a Lorentz transformation to obtain the momentum variables in the rest frame
of the background plasma. Because the plasma’s rest frame is non-inertial, the
VFP equation must contain a fictitious force term, cf. our computations done at
the end of Sec.2.2.1. In a next step, we take advantage of the assumption that
the velocity of the background plasma is small compared to the speed of light
and remove terms of the order O(U/c) from the VFP equation. This yields the
main result of this chapter, namely the semi-relativistic VFP equation.

In the last part of this chapter, we apply the adapted VFP equation to model
the acceleration of particles at a parallel shock. Under certain physical condi-
tions the distribution of energetic and charged particles can be assumed to be
almost isotropic. If these conditions are fulfilled it is possible to use the diffu-
sion approximation. They lead to an equation dubbed the cosmic-ray transport
equation, which is an advection-diffusion equation. We compute its steady-state
solution as done in Drury (1983) and Kirk (1994).
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3.1 THE FERMI ACCELERATION PROCESS

This section begins with a presentation of Fermi’s original work on the origin
of the cosmic radiation. It contains the essential arguments and computations
that are nowadays used to explain the acceleration of particles in astrophysical
plasmas. In particular, Fermi collects in a physically intuitive manner the
necessary ‘ingredients’ to derive the power law energy spectrum of the cosmic
rays. Though, the original physical scenario he envisioned failed to explain the
later observed fact that the spectral indices are about the same in many different
sources. We apply his arguments to the parallel shock scenario and show that
this remedies the issue. Today, processes like the one originally described by
Fermi are called Fermi acceleration processes of type II, whereas processes
analogue to the acceleration at shock waves are referred to as type I processes.

3.1.1 FERMI’'S THOUGHTS ON THE ORIGIN OF THE COSMIC RADIATION

Fermi (1949) argued in favour of the hypothesis that cosmic rays are accelerated
in interstellar space. He assumed that interstellar space was filled with a very
dilute, ionised and magnetised hydrogen gas that is sparsely interspersed with
moving clouds. These clouds moved and thereby stirred the hydrogen gas. The
kinetic energy of the gas’ motion would be channelled into the magnetic field
and cause the creation of randomly moving field ‘irregularities’. Fermi now
imagined that an energetic, charged particle collided with these irregularities,
was reflected and thus underwent some kind of random walk.

We pursue Fermi in working out the physical consequences of this picture.
If we assume that the irregularities can be considered as obstacles that are much
heavier than the particleél, then their motion and energy is unchanged by a
collision with a particle. We compute the particle’s energy change by transform-
ing into the centre-of-mass frame, i.e. the rest frame of the irregularity. Since
it is assumed that the particle is merely reflected, its momentum component
perpendicular to the direction of motion of the magnetic field irregularity is
unchanged in the collision while its parallel momentum component is flipped.
Transforming back into the original reference frame yields the energy of the
particle after the collision. Hence, we restrict our computation to the parallel
momentum component.

Let Y be the velocity of the irregularity in units of cand I' = (1 — 1'2)~"2 its
Lorentz factor. Then the parallel four-momentum of a particle in the laboratory
frame is pff = (E/c, py) where p; = (p - T)Y/T?. We can express the particles’
energy and parallel momentum in in the rest frame of the irregularity using a

The assumption is well justified since the magnetic field irregularities should be in size
comparable to multiples of the characteristic length scales of the MHD equations that govern the
interstellar space plasma. This implies that in such an irregularity many particles are involved
whose motion will not be drastically changed by a single particle interacting with them.
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Lorentz transformation, i.e.
(E’/c) _ ( r —FTT) (E/c)
ph -I'Y Iri P )
After the collision the particle’s parallel four-momentum is p| = (B, p)) =
(E'/c,—p))- Note the bar on top of the symbols representing the energy and the
momentum of the particle after the collision. The energy of the particle did not
change, because we assumed that the collision is elastic and the energy change

of the irregularity can be neglected due to its relatively high mass. The particles’
parallel four-momentum after the collision in the laboratory frame thus isﬂ

E/c\ (I rr"\(1 o\( I -IY"\(E/c
The evaluation of the matrix product yields for the parallel momentum

component
p| =I*(=p +2ymYc—1?py)

and the particle’s energy is

|

=TI?(1-2YBcosd+1?),

where we used that ¥'T . py=p- Y = ymvYcosd = (E/c)BYcosd and & is
the angle between the direction of motion of the particle and the irregularities’
direction of motion. Note that if cos & < 0 the collision of the particle and the
irregularity is head on, otherwise it is an overtaking collision. In agreement
with this the ratio E/E is larger one for head-on collisions and smaller one for
overtaking collisions; provided moderate values of 1" are assumed. If we now
restrict ourselves to particles gyrating about a mean magnetic field along which
the irregularities propagate (as Fermi seemingly did), we can express the ratio
of energies as

E 1+2YBcos6+ 12

E 1-12 ’
where 0 is ‘the angle of the inclination of the spiralﬁ and Yc still is the velocity
of the ‘perturbation’. The positive sign corresponds to the energy change in a
head-on collision and the negative sign to the one of an overtaking collision.
(Fermi, 1949, see eq. 13 and surrounding text).

21t is worth noting that

r rr"\ r -ryT 1 0
= 2 ) #1.
rr Ii)\-rr TI1 0 I'’(1-rr")
However, changing the sign of ¥ yields the correct inverse for the parallel component of p, since
rz(1-rr7p, = p.
3There is ambiguity in the definition of the inclination angle of the spiral. We note the above
energy ratio is correct if the angle is restricted to values ranging between 0 and 7/2, i.e.
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After having derived the energy change in a single collision, Fermi demon-
strates that particles whose spirals have an arbitrary inclination angle 6 gain on
average energy. To this end he derives the likelihood for head-on collisions: It is
given by the rate of head-on encounters of particles and irregularities divided
by the rate of all encounters. Hence, it is proportional to the relative velocity of
the particles and the irregularities, i.e. Pyo = N(vcos 6 + Y'c), where N is the
constant of proportionality. Analogously, the likelihood for overtaking collisions
is Por = N(vcos 6 — Y¢). Since each collision is either head-on or overtaking,
the sum of their respective probabilities has to equal one, i.e.

1= Pyo +Por =N(vcos6 + Yc+vcosf —Tc).

Thus, the normalisation is N = 1/(2v cos ).
Fermi then computes the average energy gain up to terms of the order 1.
Concretely, he investigates the natural logarithm of the energy ratio, because

ln<§) =in(1+ “FE) _ % + O((AE/E),

i.e. for small energy changes the natural logarithm approximates the relative
energy change. The Taylor expansion of In(E/E) at ¥’ = 0 is

In (g) = +2YBcos O +2(1 — f2cos?0) 12 + O(1?).
Its average is
<ln (E)> ~ <A—E> = [2YBcos O + 2(1 — % cos? 0) T?| Py
Av Av

E E
—[2YBcos6 —2(1 — B%cos? 0) Y%| Por (3.1)

2
=4Y? — 2Y?B% cos® 6 = 417 (1 - ’% cos? 9) :

Since 6 € [0, 7/2), the relative energy change is largest for particles with small
parallel velocity components. (Fermi, 1949, cf. eq. 14).

More importantly, if we assume that the collisions happen continuously
and independently of each other, we expect the energies of the particles to
grow exponentially. This is shown by Fermi (1949, Sec. 3) with the following
back-of-the-envelope computation: Considering eq. (3.1), Fermi approximates

B, By

B, is the mean magnetic field. If 6 was defined to be in [0, 7], the absolute value of cos 6 should
be used.
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the average relative change of the particles’ energies with € = (AE/E)),, ~ 12
and starts the acceleration process with non-relativistically moving particles,
i.e. the particles’ energies are E, = mc?. After n collisions their energies will be
E = (1 + €)"E,. This implies that

In(E/Ey) = nIn(1 + €) = ne

and hence
E = Eyexp(ne) = mc? exp (nY?) .

If we denote with 7 the time between collisions of particles and magnetic field
irregularities, the energies of the particles at time ¢ are

E(t) = mc? exp(Y?t/7).

The particles will not gain energy indefinitely. Fermi assumes that, e.g. a
proton, may lose most of its energy in a nuclear collision. He denotes with T
the mean time between these collisions. Under the assumption of a constant
injection of particles into the acceleration process, we can compute their age
distribution. Let Q be the injection rate. In steady state particle loss and injection
balance and the total number of particles will be 7y = QT*. Moreover, the number
of particles that have been injected during the infinitesimal time interval d¢ at
to = 0 and now have the age ¢ is given by

N(t) = Qdtexp(—t/T).

Since the particles are constantly injected the number of particles with age ¢
is independent of the time ¢, at which a specific set of particles was injected.
Dividing the number of particles with age ¢ by the total number of particles 7
gives the probability distribution for the age of the particles, namely

P(1) = % exp(—t/T)dt s= p(1)adt,

where P(t) is the probability to find a particle with age ¢ and p(t) is the corres-
ponding probability density functionﬁ

Knowing what the energy of a non-relativistic particle after time ¢ is and
knowing the age distribution of the particles in the steady state, it is possible to
derive the probability distribution of the energies. To this end we express the
age of a particle as a function of its energy, i.e.

t=-"In (i)
T2 \me2/)
This implies that dt = /Y2 dE/E. We note that the probability to find a particle
with age ¢, i.e. p(t) dt = p(t(E)) dE, is equal to the probability to find a particle

“This can be derived formally by solving dN/dt = Q — N/T and evaluating N(t - o) =: 7).
*] thank Dr. Keno Riechers who discussed with me Fermi’s derivation of the age distribution.
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with energy E(t). We thus define the probability density function of the particles’
energies to be 7(E) := p(t(E)) and the probability that a particle has the energy
in the range E + dE is

T T E dE
(B)dE = 7o exp (‘m 1“(@)) T

_ % (mCZ)T/(TBZ)E—(1+T/(TY2)) dE .

The form of the energy spectrum corresponding to such a probability distribution
is an inverse power law as observed for cosmic rays arriving at earth. (Fermi,
1949, Sec. 4)

At the end of our summary of Fermi’s original arguments, we remark that
he derived the inverse power-law probability distribution of the particles’ en-
ergies with a concrete physical situation in mind. The spectral index of the
probability distribution thus depends on the parameters 7, T and Y describing
this situation. However, the observed spectral indices of many non-thermal
astrophysical sources are about the same and, hence, they should not depend
on the parameters of a specific physical scenario.

We thus abstract from the physical situation and identify the general fea-
tures of the Fermi acceleration process: Firstly, particles are constantly injected
into the acceleration process. Secondly, they are accelerated due to collisions
with electromagnetic fluctuations sustained by a plasma through which the
particles move. Thirdly, the energy change in such a collision is proportional
to the particles’ original energy and, fourth, the particles are not accelerated
indefinitely, they leave the system or they lose all their energy in a collision with
another particle. This escape process is independent of the particles’ energies.

The third feature, i.e. the fact that the relative average energy gain is propor-
tional to the energy of the particle, led to an exponential increase of a particle’s
energy, i.e. E(t) = E, exp(et/t). Taking the derivative with respect to t yields

dE ¢ B E

dar T T
where we defined the mean acceleration time. The fourth feature, namely the
energy independent escape, was modelled using an exponential decay of the

particles, i.e.
dN N

At~ T
where 72 is the probability to escape (or to lose all energy) per unit time. The
number of particles with energy E at time ¢ is N(t, E). Since the particles are
accelerated and decay, N(t, E) evolves in time as

d ON dEOJN N
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In steady state the above equation is an ordinary differential equation (ODE),

namely
E dN N

Tae B~ T
Its solution is N(E) = N(Eq)(E/E,) x/Tesc, The derivative with respect E gives

% = —%N(EO)ES“C/ e = (14 Tase/ )| (3.2)
which reproduces the probability distribution of the particles’ energies. Hence,
in general, the Fermi acceleration process can be parameterised by two paramet-
ers, namely the mean acceleration time and an the mean escape time. The ratio
of these two parameters determines the spectral index of the particles’ energy
spectrum.

3.1.2 PARTICLE ACCELERATION AT PARALLEL SHOCKS

The fact that the observed spectral indices are about the same in many non-
thermal sources requires the identification of acceleration sites at which the
ratio of the acceleration time and the escape time is independent of, for example,
the size of the source and others of its characteristics. It is plausible that most
sources are surrounded by a plasma in which strong shocks are propagating.
(cf. Longair, 1994, p. 355) Because of their ubiquity they are good candidate
particle accelerators. In this section we will apply the Fermi acceleration process
to strong shock waves yielding the desired inverse power law and evaluate its
spectral index. In particular, the the ratio of acceleration time to the escape time
will only depend on a single parameter characterising shock waves, namely the
compression ratio.

In a first step we adopt a simple shock model. We presuppose that the
particles that participate in the acceleration process do not contribute to the
physics creating and sustaining the shock wave. Their large energies imply
mean free paths that are large in comparison to the shock width, hence the
charged particles merely experience the shock wave as a discontinuity in the
fluid quantities of the background plasma. Thus, mathematically we model
the shock using a discontinuous velocity profile U describing the flow of the
background plasma and, if necessary, a discontinuous background magnetic
field B.

The relative orientation of U and B led to a taxonomy of astrophysical shocks
dividing them into the categories parallel shocks and oblique shocks. For the
sake of completeness, we mention that the latter is subdivided into subluminal
and superluminal shocks. A parallel shock is characterised by the fact that its
direction of propagation aligns with the orientation of the B-field, i.e. U || B.
Oblique shocks are all shocks that are not parallel. The special case U L B is
called perpendicular shock. (Kirk, 1994, see Sec. 2.2) A parallel shock is special
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in that the B-field is continuous, as we shall show later, across the shock and
charged particles gyrating about it can cross the shock wave undisturbed. The
latter is the reason why we investigate the acceleration of particles at parallel
shocks.

If the shock wave is not interacting with the particles, the situation is similar
to the scenario Fermi described when explicating his acceleration process. In
Fermi’s original account moving clouds produced magnetic irregularities that
scattered the particles. In the case of a shock wave, the plasma behind the
shock, i.e. the plasma in the downstream, can be assumed to be highly turbu-
lent and following the shock wave with a fraction of its speed. (Bell, 1978, see
Sec. 1) The charged particles interact with the MHD turbulence and, thus, are
reflected by moving scatterers and may overtake the shock wave and (re-)enter
the upstream. Bell (1978, Sec. 3) proposed that the charged particles streaming
through the upstream excite MHD waves that once more act as scattering centres
forcing all particles to repeatedly encounter the moving MHD turbulence of the
downstream. Pictorially speaking, the particles are thus constantly reflected by
moving scattering centres as they were in Fermi’s initial description of the pro-
cess. However, this time the electromagnetic field irregularities do not propagate
into random directions, instead they move with the downstream plasma and
hence follow the shock wave. This directed motion implies that the particles
only experience head-on collisions. As we will show in the next paragraphs, this
leads to an average energy change proportional to the velocity of the scatterers
and not to their velocity squared.

We firstly investigate the discontinuities of the velocity and the magnetic
field at a parallel shock. To this end we choose a reference frame in which
the shock is at rest, called the shock rest frame. In this frame the upstream
plasma is approaching the shock, located at x = 0, with the velocity of the shock
wave, see Fig. 3.1.2. We assume that this velocity is known and that the shock
wave is steady, i.e. all fluid quantities are time independent. It is then possible
to relate the plasma velocity component parallel to the shock normal n to its
downstream counterpart via an integration of the steady-state conservation of
mass equation (2.75). We integrate it over a thin rectangular cuboid centred at
the shock wave, e.g. V = [—¢, €] X [—-L/2,L/2] X [-L/2,L/2], where L is arbitrary.
The integration yields

limex-(pU)d3x=limf oU -dS
e—=0 v e—0 1%

=0 lim [o(x + e)Us(x + €) — p(x — )Ux(x — )]
= I [p(x*) Uy (x*) = p(x7)Uy(x7)] = 0.

We remark that x~ is in the upstream and x* in the downstream respectively
and that the integrals over the lateral surfaces vanished because their surface
area goes to zero in the limit e — 0. The above equation simply states that if
mass is conserved the mass flux must be continuous across surfaces. It does not



58 CHAPTER 3. PARTICLE TRANSPORT IN TENUOUS ASTROPHYSICAL PLASMAS

Upstream Shock Downstream
U, =U;, v Uy =Ug/r
_ . —
B ‘n B
----> > ---- >

Figure 3.1: A parallel shock in its rest frame. Uj is the velocity of the shock wave,
B is the mean magnetic field of the background plasma, n the shock normal
and r is the compression ratio of the shock.

matter that the surface is a shock. If we use the subscripts 1 and 2 to denote
upstream and downstream quantities, the above equation is equivalent to
U2 = &IJI = ﬂ ’ (33)
P2 r
where we defined the compression ratio r of the shock. A shock that moves with
a velocity U; much larger than the speed of sound of the upstream cq, i.e. its
Mach number M = Uy/cg > 1, is called a strong shock. The compression ratio of
a strong shock is r = 4, see, for example, Blandford and Eichler (1987, Sec. 4.7).
Since B is divergence free, an analogue computation shows that B, does not
change across the shock, i.e.

lim | B-dS =I?lim [By(x +¢€)— By(x —¢€)] = 0.
€—0 v €—0

Again using the subscripts 1 and 2, the above equation reduces to
Bl = BZ . (3.4)

Equations (3.3) and (3.4) are part of the MHD Rankine-Hugoniot conditions
that, in general, relate all upstream plasma quantities to their downstream
counterparts assuming that the upstream quantities and the ratio of specific
heats of the plasma is known. The complete set of equations and their solution
can be found in Decker (1988, Sec. 2.2) and references therein. For the case of a
parallel shock these conditions furthermore imply that the velocity components
tangential to the shock plane, namely U, and U, do not change across the shock.
The same is true for the tangential magnetic field components. (Decker, 1988,
eq. 12 and 13) Hence, in the downstream of a parallel shock the B-field and the
velocity U stay parallel, see Fig. (3.1.2).

Knowing how the velocity changes across the shock front, we can compute
the energy change of a particle that starts in the upstream, enters the downstream
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and on being scattered returns upstream. We compute its energy in the rest
frame of the upstream plasma, i.e. the downstream plasma is flowing with
velocity ¥ = (U, — Uy)/ce, = Up/c(1 — r)/rexﬂ The computation follows the
steps presented in Sec. (3.1): We transform into the rest frame of the scattering
centres, i.e. into the rest frame of the downstream plasma. The scattering event
takes place and we subsequently transform back into the rest frame of the
upstream. However, this time the particles are scattered into all directions and
they are not simply reflected as before.
The particle’s energy in rest frame of the downstream plasma is
E’ E E
- _F<Z —Y-p) —FE(I—Y'BCOSS) .
The scattering is assumed to be elastic and once more the scattering centre’s
energy is unchanged in the event. Hence, the particle’s energy before and after it
is the same, i.e. E’ = E’. The momentum vector of the particle after the scattering
event is denoted with p’ and, since the particle’s energy did not change, p’ is
related to p’ by a rotation. We transform back into the rest frame of the upstream
plasma. This yields
E E, =3 E, l q/
== <?+T-p)_1“?(1+lf‘ﬁ cosd’),

where we used that the magnitude of the particles velocity is unchanged in the
scattering event, namely 8’ = ’. Plugging our expression for E’ into the above
formula gives an expression for the energy of the particle in the upstream rest
frame after being scattered, i.e.

E=T?E(1+ 1B cosd') (1 —YBcosI)
=TI2E(1-Yp cos6')(1 + YBcos6) (3.5)
= FZE[l - @6’ cos é’] [1 + @,@cos 6] .
Cf. Gaisser et al. (2016, Sec. 12.2.2). Notice that the angle § is the angle between
the particle’s momentum vector p and the velocity Y. We prefer to use the angle
between the particle’s momentum and e,, i.e. the x-axis, and denote it with the
symbol 6. Since Y is the velocity of the downstream plasma in the upstream rest
frame, it points in the negative x-direction and hence the relation between the
two angles is 8 = m — 6, whence the sign change in the above equation. The
angle 0 is referred to as the pitch angle, because the B-field is aligned with the
x-axis and, thus, 6 determines the pitch of the spiral traced out by the particles’
trajectories.
In a next step, we compute the average energy gain of a particle performing
one cycle, i.e. of a particle that leaves the upstream, is scattered in the down-
stream and returns to the upstream. If the velocity of the particle 3 is fixed,

%We neglected terms of order O(U; U,/c?). The application of the velocity addition formula
yields Y = (Uz —_ Ul)/(l - Ul Uz/cz)ex.
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then the energy E can be considered a random variable of the two angles 6 and
0’ whose joint probability density function, say p(6,8"), can be written as the
product of the probability density function of 8 and the probability density func-
tion of &’ that we denote with y(8) and (8’) respectively. The reason is that the
joint probability density function can be factorized is that the particle is scattered
enough times to ‘forget’ about its original direction of motion before returning to
the upstream. Hence, the angle 6 and &' are statistically independent. Thinking
of a phase-space distribution of particles and not of a single particle, we express
this idea by saying that the particle distribution function is ‘isotropised’, i.e. it
becomes isotropic on a time scale that is short in comparison to the time scale
of the acceleration process.

First, we derive an expression for y(6). The probability density function y(6)
is defined by the number of particles in the upstream that have a specific pitch
angle 6 € [0, 7r/2) divided by the total number of particles that cross the shock.
Note only particles with 6 in [0, 77/2) do cross the shock. We emphasise that 6
is defined in the rest frame of the upstream plasma and that the phase-space
distribution of the particles in this frame is isotropic, because of Alfvén waves
that scatter them and that are created by their streaming through the upstream,
see Bell (1978, Sec. 1). Thus the total number of particles crossing the shock per
unit time, surface area and momentum interval is

djg dN
—=(p) = 7
dp dtdAdp
2 p7r/2+arcsin(U;/v) px
= f f f(p)p? (c—o + U1> sin6dod¢ (3.6)
o Yo p
1 U\2
= 272f(p)p> (luv+Ul)d,u=7rf(p)pzv<1+71> )
—Ul/U

where we employed the definition of the number-flux-4-vector as can, for ex-
ample, be found in Thorne and Blandford (2017, cf. eq. 3.35c). Moreover,
p° = ymc is the zeroth component of the particles’ four-momenta and f(p) is
their upstream phase-space distribution function at the shock. Notice that the
shock is moving with Uj in the negative x-direction and thus its velocity had to
be included in the computation of the flux through the shock surface. This also
explains the appearance of arcsin(U; /v) in the upper limit of the 6 integration;
a particle whose velocity in the negative x-direction is smaller than the shock’s
velocity is overtaken by the shock wave. Moreover, in the third line we changed
the variable of integration to u := cos 6. The number of particles that have a
specific pitch angle and momentum when crossing the shock is

djx 2 X
—=(p,0) = f f(p)p’ (cp—o + U1>sin6d6 dg
dp b p

=27 f(p)p*v (cos@ + %) sin6do.
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Hence, the probability for a particle with pitch angle 6 and momentum p (or
velocity v) to cross the shock is

27 f(p)p?v (cos 6 + U /v)sin 6d6
zf(p)p?v (1 + Ui/v)*

_ 2(cos B + Ul/v)zsm@de — (6)do.

1+ Uy/v)

P(6) =

(3.7)

Notice that the derivation of y(6) implicitly restricts its domain to [0, 7/2 +
arcsin(U; /v)).

Secondly, we derive the probability density function $(8’). We remind
ourselves that the prime indicates that & is defined in the rest frame of the
downstream plasma. The probability that a particle with a specific pitch angle
0’ crosses the shock is thus determined by the phase-space distribution func-
tion of the particles as seen in that same reference frame. The phase-space
distribution function in the downstream rest frame is isotropic, because the
particles are scattered by the MHD turbulence of the shocked plasma. The
bar that adorns the angle ' tells us that we are interested in particles that
were scattered; only particles that changed their pitch angle to be in the range
(/2 + arcsin(U,/v"), 7] are able to return upstream. Note that the shock in the
downstream rest frame propagates along the negative x-direction with velocity
U,, whence the arcsin(U,/v"). This implies that the total number of particles
crossing the shock wave from downstream to upstream can as well be computed
with an adapted version of the formula given in eq. (3.6), i.e.

dj_lgx U, /v’
o) =2 e [ U

1

2

= —nf(p)pV (1 - %)

The minus sign reflects that the particles are propagating in the negative x-
direction. In this context, probabilities are ratios of particle numbers and, hence,
we use the absolute value of the above number flux current density to compute
the probability density function ¢(6"). Proceeding as in eq. (3.7), we arrive at

2|(cos @' + Up/v)sin 8’| _ 2(cos €' + Up/v')sin &’

Yo = (1— U,/v')2 - (1— /v )2

(3.8)

Note that it was possible to replace the absolute value in the numerator with

a minus sign, because the domain of ¢ is (/2 + arcsin(U,/v"), 7). (Kirk, 1994,

Sec. 5.1 and, in particular, eq. 95 for the probability density functions)
Eventually, we compute the average relative energy gain € = (In(E/E)) ~
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(AE/E),ie.’|

Uz/v 5
f f £ ) X d
U;/v -1

—U2/U
U -U
—InI2 +f 1n(1 - ITZ,B’/:L’)gb(ﬂ’)d/z’

1

1 _ (3.9)
+/ ln(l + 4 _ UZBM)X(M)dﬂ
U1/U
=308 o)
_ iu

3 +0O0((/eP)+0@GF™2).

Notice that the velocity addition formula can be applied to show that ' =
B+0O(U;/c). Moreover, 8 = 1+0O(y~2) and, hence, for highly relativistic particles
it is almost one. We also remark that O((U; — U,)/c) = O(U;/c) = O(U,/c), since
U =rU,.

At this point we highlight that, as announced in the introduction to this
section, the average relative energy gain is proportional to the velocity of the
scatterers and not their velocity squared, cf. eq. (3.1). This led to the distinction
between Fermi I and Fermi II acceleration processes that refer to the former and
latter respectively.

In Sec. 3.1, we computed the energy of the particles after n encounters
with magnetic irregularities assuming that their energy increased each time
by the relative average energy gain ¢, i.e. E(n) = (1 + €)"E,. Bell (1978) uses
the central limit theorem to show that In(E(n)/E,) is normal distributed with
mean ne and variance no?, where o is the standard deviation of In(E/E) and we
remind ourselves that ¢ is the mean of In(E/E). Taking In(E(n)/E,) as a proxy
for the change of the particles’ energies, this means that almost all particles have
the energy E(n) after n cycles, because the normal distribution will be strongly
peaked if n is large; note that the ratio of the variance to the mean squared is
no?/n?¢? = 1/n(c/e)?. This together with the fact that the mean of In(E(n)/E,)
is ne justifies the usage of the relative average energy gain to update the particle’s
energy, because this leads to In(E(n)/E,) = nln(e + 1) = ne + O(e?), which is
the expected value of the sharply peaked normal distribution.

We reconstruct Bell’s argument in more detail. We begin with explicitly
stating the central limit theorem: Suppose that X,, is a sequence of independent
and identically distributed random variables with mean ¢ = (X) and finite

"We remark that expressing the probability density functions in terms of ¢ allows us to drop
sin 8 in eq. (3.7), because

_ 6 = _xW
x(6)do = x(u)@ du = -7 du.
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positive variance 02 = (X7) — (Xg)?. If S, = X; + -+ + X,,, then as n approaches
infinity, the random variables (S,, — nu)/ (ﬁa) converge in distribution to the
normal distribution N(0, 1). (Billingsley, 1995, Theorem 27.1)

Leaving aside the technical details of the convergence concept, the the-
orem essentially states that the probability density function of S,, is becoming a
Gaussian distribution with mean nu and variance no? as n — oo.

We now apply the theorem, we set

2

S, = ln<
n—1

(e fT o S ot 1+ B S pcna]

k=0 ¢

n-—1

=nInl?+ ) In <[1 - @ﬁ’ cosé,’{] [1 + % : Uzﬁcos ek]) ,
k=0

where we repeatedly used the formula for the energy ratio E/E derived in eq. (3.5)
and introduced the index k to number the cycles, i.e. going from upstream to
downstream and back, performed by the particle. Hence, the elements of the
sequence of random variables are

= ; UZ,B’ cosé,’{] [1 + = ; Uzﬁ’cosek]) ,

Xk=ln([1—

i.e. the relative changes in energy. Because of the scattering of the particles in
the upstream and the downstream, each cycle is independent of the previous one
and the probability density functions of the relative energy changes are always
given by p(6x, 6;) = x(6,)9(6;), see eqgs. (3.7) and (3.8). This implies that the
random variables in the sequence (Xj)k=1,... , are independent and identically
distributed and that the mean of each element is (X;) = €. Additionally, we
make the assumption that the variance of X}, is finite and positive.

This means that the central limit theorem applies and that the random
variable In(E(n)/E,) is normal distributed, i.e. In(E(n)/E,) ~ N(ne, no?), if
n — oo. This in turn justifies to work with the average relative energy change e,
because the normal distribution will be sharply peaked.

After having investigated the average relative energy change of a particle
that crosses and recrosses the shock wave, we turn our attention to the next
ingredient in the Fermi acceleration process, namely the escape of the particles.
Unlike the original escape, the particles leave the acceleration process due to
being advected downstream and not because they lose their energy in a collision
with an ion of the background plasma (Bell, 1978, Sec. 2).

We remark that our computation of the escape probability follows Kirk (1994,
Sec. 5.1). Since the particles are scattered in the downstream, it gets increasingly
difficult for a particle to return to the shock wave the further downstream it got

8A mathematical formulation of this statement can be found in Drury (1983, in particular eq.
3.42 and the surrounding text).
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At some distance L from the shock the return probability is quasi zero. We thus
think up a box of length L bounded by the shock wave and an imaginary surface
that moves together with the shock. We note that the box may have a different
size for each momentum range p + dp, because the distance L will depend on
the energy of the particles if the scattering process is energy dependent. The
ratio of the number of particles that leave the box to the number of particles
that enter the downstream is the escape probability.

We investigate the escape of the particles in the downstream rest frame.
In this reference frame, the distribution function of the energetic and charged
particles is isotropic. Notice that up to now, we only worked with the distribution
function at the shock. Since we are interested in the particles that leave the
box, we need to know the values of the distribution function at the imaginary
surface. To this end we assume that the distribution function is homogeneous
in the downstream, i.e. for an arbitrary but fix momentum p, f(x, p) = const.
for x > 0. We show later that this assumption is correct, see eq. (3.74). The total
number of particles that cross the imaginary surface per unit time, surface area
and momentum interval is

() = ff +U2f(p)p’2d#d¢

=2nf'(p")p" / W'V + Gy)du' = 4nf'(p")p" .
-1
Notice that particles are leaving and entering the box, though there is a net flux

that is determined by the velocity of the imaginary surface. The number of
particles that enters the downstream is

=[],k

= 7f ()P '(1 ' %)

)f (p")p du’ dg

2

We again account for the fact that the shock is moving, namely with velocity U,
in downstream rest frame, and that only particles whose pitch angle is in the
range [0, 77/2 + arcsin(U,/v")] enter the downstream, cf. eq. (3.6).

The escape probability is

dj*/dp’
ese = J.fx/ P _ 40 42,2+O((U2/v)2). (3.10)
djs /dp’ (1+ Uz)

At the end of Sec. (3.1), we pointed out that Fermi assumed an energy independ-
ent escape probability. We emphasise that the escape probability P, is energy
dependent. However, for relativistic particles v = c it is energy independent.
We mention that we computed the relative average energy gain in the upstream
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rest frame, whereas we computed the escape probability in the downstream
rest frame. Because the energy is frame-dependent, we compute the energy
spectrum of the particles in the upstream rest frame and note that P, is the
same in all reference frames, because it is a ratio of particle numbers.

The average relative energy gain € in conjunction with the escape probability
enable us to repeat Fermi’s arguments for the case of a parallel shock and, thus,
to compute the energy spectrum of the particles. The probability for a particle
to at least perform n cycles and to thus have at least the energy E(n) is

i)

P(n) = Z a- Pesc)kPesc

fe=n . (3.11)

= Pege(1 = Peg)" 2 a- Pesc)k = (1= Peg)",
k=0

where we used that the geometric series Y, g converges to 1/(1 — q) if |q| < 1.
If we assume a constant injection of particles at the shock wave, a steady state
will be reached and we can compute the age distribution of the particles, cf.
Sec. To this end we introduce 7, i.e. the time it takes to perform a cycle.
After t = nt, the number of particles injected during the infinitesimal time
interval dt at t; = 0 reduced to

N(t) = th(l - Pesc)n = th(l - Pesc)t/rc >

because all particles that have performed less than n cycles escaped. Dividing
this number by the total number of particles at the shock in steady state yields
the probability that a particle has a specific age. The steady-state number of
particles is 7 = Q1. Where the reciprocal of 7. is the probability to escape per
unit of time, i.e. T4t = Pes./7.. Hence, the probability that a particle has age ¢ is

Pese (1 Zp_yt/e dt = p(e)dt.

P(t) = -

A particle with age t = nt, has on average the energy In(E/E;) = ne =
e€t/t, =: t/7,... We can thus compute the probability that a particle has a certain
energy by setting 7(E) dE := p(t(E)) dE. This yields

n(E)dE = 2221 — Pesc)ln<E/Eo)racc/rcde

esc
Tacc 1 ( E )‘(1+Tacc/‘[esc)+o(Pezsc)
Tesc EO EO

(3.12)
dE,

where we used that In(1 — P,y.) = —P,s. + O(P%.). Notice that P.,, = 4U,/c,
hence O(P2,.) = O((Uy/c)?); the spectral index neglects corrections of the order
of the shock velocity divided by the speed of light squared. Moreover, 7(E) =
C|dN/dE| where C > 0 is a constant, because 7(E) dE is by definition the
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number of particles dN with energies in the range [E, E + dE] divided by the
total number of particles, also see eq. (3.2). Thus, 7(E) is proportional to the
particle energy spectrum.

We remark that the energy spectrum of the particles can be directly com-
puted, i.e. without the introduction of the cycle time 7., from the probability
P(n) given in eq. (3.11) and the relative energy change ¢ derived in eq. (3.9). See,
for example, eq.(8) in Bell (1978), namely

410,
€ C
3U,

__ E 2
- Ul_U21n<EO>+(9((U2/c) ),

In P(n(E)) = n(E)In(1 — Pese) = — 1n(£) + O(UeP)

Eo

where we once more used that the energy of the particle and the number of
cycles it performed are interchangeable, because n = In(E/E))/e. Since P(n(E))
is proportional to the number of particles with energies greater or equal to E, i.e.

“dN |,
P(E)oc/E. dE’dE’

its derivative with respect to E is proportional to the energy spectrum dN/dE of
the particles. Its derivative is

dP(E) d/E —3U,/(U1—Up)+0((U/c)?)
.42

dE =~ dE
1 30, E —(143U,/(U1-Uy)) (3.13)
T EU-U (E_o> ’

where we neglected second order corrections in U,/c. Keeping in mind that

Tacc _ EPesc _ 3l]2

=22 (3.14)
Tesc € T Ul - U2

shows that the derived energy spectrum is the same as the one we derived in
eq. (3.12) taking the detour over the cycle time z,.

The merit of the introduction of the cycle time z, is to bring out clearly the
analogy to Fermi’s original computations and to address the issue that to account
for the observations Fermi had to require that the ratio of the acceleration time
and escape time is the same in all sources; and ‘there is no good reason why this
should be so’ (Blandford & Eichler, 1987, Sec. 3.2). In Fermi’s computations two
time scales that represent two separate physical processes play a role, namely the
the time between accelerating collisions with magnetic irregularities, denoted
with 7, and the time T between the collisions in which a particle loses all its
energy. In the case of the acceleration of particles at a parallel shock, there is
only the scattering of the particles and the related timescale 7.. The physical
details of the scattering process, which we deliberately left in the dark, will



3.2 THE SEMI-RELATIVISTIC VFP EQUATION 67

eventually determine the cycle time 7, and thus the temporal evolution of the
spectrum. However, the steady-state spectrum is independent of these details,
because 7, cancels in eq. (3.14). This implies that the spectral index is solely
determined by the kinematics of the shock wave, i.e. by the compression ratio r

of the shock, because
Tace _ 3U2 3

Tesc_Ul_U2=r_1.

Notice that if r = 4, then this is in agreement with the observations which
require the spectral index to have a value around —2, i.e. dN/dE « E~2.

3.2 THE SEMI-RELATIVISTIC VFP EQUATION

In the last section, we have seen that it is possible to derive the probability that a
particle has an energy in the range [E, E + dE] by considering possible particle
trajectories, evaluating their likelihoods and, subsequently, averaging over them.
This procedure is at the heart of statistical methods as presented in Chapter|2/and,
eventually, leads to the Boltzmann equationP However, there is a difference: In
statistical methods the probability density functionﬁ are not derived directly via
particle trajectories but they are solutions of kinetic equations like the Boltzmann
equation. The information contained in the particle trajectories is represented in
the kinetic equations in the form of the coefficients of the PDE, e.g. the B- and E-
fields of the Lorentz force and as boundary conditions. Hence, we are also able
to derive the energy spectrum of charged particles accelerated at a parallel shock
by solving the Boltzmann equation, if we prescribe the electromagnetic fields
and suitable boundary conditions. This is the aim of this section. Notice that
a key advantage of this approach is that we get information about the spatial
and temporal evolution of the particle distribution, since the single particle
distribution function f depends on t, x, p. Up to now we computed the energy
spectrum at the shock wave only.

The charged particles propagate relativistically through a magnetised back-
ground plasma in which they may be accelerated. The corresponding transport
equation is the relativistic VFP equation

PO g, 97 (o)
m axE T min Yop, \ét),’ (.15

see the last paragraphs of Section (2.1.5) for further explanations. The energetic
and charged particles are non-virtual and massive particles, thus the phase-space

Maybe it is possible to explicitly relate the probability density function p(8, 8") = x(6)¥(8)’
and D(t, ).
"Notice that the energy spectrum of the particles dN/ dE is proportional to the probability
density function 77(E) and that the one particle distribution function is also a probability density
function (modulo a constant of normalisation)
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density F(x*, p,) is related to the single particle distribution function through
F(x*, py) = 2mH(E)f(t,x, p)3(p” p, — m*c?), (3.16)

where the Heaviside step function H(E) guarantees that the energy of the
particles is positive and the delta distribution enforces the relativistic energy-
momentum relation. The electromagnetic field tensor models the E- and B-fields
of the background plasma, namely

qE.”py = qy (E®¢ - v, —[E®S + v x B®9]) .

At this point a key assumption of the proposed particle acceleration model
becomes visible. The electromagnetic fields of the background plasma are
unaffected by the energetic particles. We call this assumption the test particle
limit.

If we would like to solve eq. (3.15) we need an explicit expression for the
collision term. In the last section we mentioned that the energetic particles
are scattered by Alfvén waves that they generate when they stream through
the upstream region of the shock wave or by electromagnetic turbulence in the
downstream. We take this description as the starting point of our derivation of
a collision term. In a first step we investigate what Alfvén waves are.

3.2.1 ALFVEN WAVES

In general, waves are characterised by their phase velocity and a dispersion
relation. We model the background plasma with the ideal MHD equations
(2.93) - (2.96). To derive the dispersion relations of possible MHD waves we
assume that the background plasma is in an equilibrium state, i.e. it can be
characterized by the uniform quantities py, By, Uy, B, that do not change over
time. For simplicity we set its velocity to zero, i.e. U, = 0. As before the pressure
R is isotropic and the adiabatic equation of state holds, we say the plasma is
isentropic. (Thorne & Blandford, 2017, Sec. 19.7.2) We disturb the equilibrium
by increasing the plasma velocity to U. In our analysis of the consequences
of this disturbance we ignore terms of order O(|d U|2) and we presuppose that
the derivatives of all implied changes, namely 3/dt and 3/dx' of 8p, 5P and
OB are of order O(|6U]). Notice that this is plausible if one anticipates that a
‘small’ perturbation of an equilibrium will be describable as a superposition of
plane waves whose amplitudes will depend on the magnitude of the stimulus
producing them. We note that the following computations can be found in
Dendy (1990, cf. Sec. 4.3). Under the above assumptions, the conservation of
mass equation becomes

3
37 Po +8p) + Vi - ((pg +6p)U) = 0.
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Neglecting second-order terms and keeping in mind that p, is independent of ¢
and x, yields

%Sp =—poVy:0U. (3.17)

Proceeding analogously with the adiabatic equation of state gives

D 3 6]
D7 (B + 0P)(po +8p)77) = 5.6P(pg + 6p)7 — y(B + 6P)(po + 5p)‘y‘155p

_ 6 -y —-y-1 a 2
= 5;0PP0" —YRBpy' 5,00 +O(10U])
=0.

Note that we did a Taylor expansion of (o, + p)~7. The previous equation is
equivalent to

d YR o 0

=8P~ *==06p =i ci=-6p = —pociVy - 6U, 3.18

ot %o ot P Cs ot P PoCs Vv x ( )
where we defined the speed of sound c; and used the mass conservation equation.

Before we investigate how the disturbance changes the momentum of the

background plasma, we reformulate the J X B term in the momentum conserva-

tion equation (2.94), namely

DU! 4P _ ! ;
Dt — @ = (JXB) = IL{_O((VX XB)XB)
1 3B"
= %eiklekmnax_mB
1 oB"
= M—O(5in51m - 5im51n)WBl

1 48B! 1 8Bt
-—B— + ——B!
Mo 'Oxi T g Oxl

0

B? 1 ;
=2 (= )+—@B VB
axl<2ﬂ0> Mo( x)

Notice that we used Ampere’s law as presented in eq. (2.91) and the formula
€ijk€itm = 0i18km — OimOk1- The first term on the right-hand side is the magnetic
pressure and the second term is the magnetic tension. The disturbed quantities
evolve as

—8Ul=———6P—

3 14 c (
ot Lo ox! BO

F) .
n- 6B~ (n- vx)531> . (319)
where n := By/B, is the unit vector that points into the direction of the guide
field By and c4 := By/4/poMo is the Alfvén velocity.

We derived an evolution equation for the pressure and the velocity per-
turbation. We lack an equation for 6B to complete the set of equations. The
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evolution of the magnetic field in ideal MHD is determined by the induction
equation (2.90), i.e.
Ospi_. O k
aaB = eijk@ (5U X BO)
9 3.20
= €ijk€k1mB6”@5Ul (3.20)
= (By - V,)8U! = Bi(V, - 8U).

We combine the three equations (3.18)-(3.20) to solve for the velocity per-
turbation. We take the derivative of eq. (3.19) with respect to time and replace
the time derivatives of the pressure and magnetic field disturbances using the

equations (3.18) and (3.20) respectively. This yields

9 i 2 2 0
waU = (Cs + CA)ﬁvx -0U

—a ((n V- %w —(n-V)?U + ni(n - V,)(V, - 5U)) .
We choose a plane wave ansatz for the velocity perturbation, namely U =
A exp(ik - x — iwt) where k is the wave vector and w the (angular) wave frequency.
We denote with k| := k - n the component of the wave vector that is parallel to
guide field B,. The ansatz implies that

[Akil+ (3 +cDk®k—cik(k®n+n®k)—w?’1]A=0, (3.21)

where we introduced the dyadic product of two vectors, i.e. (v ® w)V := viw/.
Note that this is an eigenvalue problem. The eigenvalues w? are the roots of
the characteristic polynomial and since the matrix is built out of the wave vec-
tor k, the wave frequency w has to depend on k as well, i.e. the roots of the
characteristic polynomial are the dispersion relations of the MHD waves.

Instead of formally solving the eigenvalue problem, we note that all dyadic
productsin eq. vanish if we multiply them with a vector orthogonal to both
the wave vector k and the direction of the guide field nF Hence,A =an X k
with a € R is an eigenvector and plugging it into equation yields the
dispersion relation

w? = ciki = c4(k - n)* = c;k?cos® 6, (3.22)

where 0 is the angle between the direction into which the wave propagates and
B,,. This wave is called is the intermediate magnetosonic mode or Alfvén mode.
Plugging 6U = a(n X k) exp(ik - x — iwt) into eq. (3.20) gives

dB=a (g . BO> (n x k) exp(ik - x — iwt). (3.23)

Up ® wx = v(w - x), hence a dyadic product multiplied with a vector that is orthogonal to its
second factor equals zero.
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The B-field perturbation and the velocity perturbation oscillate into the same
direction, namely perpendicularly to the magnetic field B, and the wave vector k.
The Alfvén wave is thus a transverse wave. Moreover, eq. (3.17) tells us that the
wave does not compress the plasma, i.e. §p = 0. For the sake of completeness,
we mention that the other two eigenmodes of the system correspond to the fast
and slow magnetosonic mode. (Thorne & Blandford, 2017, cf. Sec. 19.7.2)

For later reference, we derive an expression for the energy density of an
Alfvén wave. Since an Alfvén wave does not compress the plasma, we assume
that its energy density is

2

U= %poéUz + % ,

where the first term is its kinetic energy density and the second term is the
energy density of an electromagnetic wave in vacuum, which we assume to
equal the electromagnetic energy density of the Alfvén wave. Because we set
A = an X k to be the amplitude of the velocity perturbation, eq. (3.23) implies
that
w?5B? , 6B?

= — = CH) — ,

(k-By? ~ ™ B
where we used the dispersion relation given in eq. (3.22). Together with the
definition of the Alfvén speed, namely c4 = By/+/poto, the energy density of an
Alfvén wave is

SU?

1 ,6B2 SB? 6B’
U==4—po+—=—. 3.24
For a more careful and detailed discussion of the energy densities of plasma
waves we refer the reader to Kulsrud (2005, Sec. 5.5) and Bellan (2006, Sec. 7.4 -

7.6).

3.2.2 COLLISION OPERATOR

Having a mathematical description of an Alfvén wave, we compute how a
charged and relativistic particle interacts with it. We follow Blandford and
Eichler (1987, eq. 3.14 - 3.17) and apply classical perturbation theory. We start
in a reference frame in which the guide field By, is aligned with the x-axis and
work with a circularly polarised Alfvén wave, i.e.

By By
B(t,x) = Bye,+ASB = [ Acos(k - x —wt + @) | = [ Acos([k - v —w]t + D) |,
Asin(k - x — wt + D) Asin([k - v — w]t + D)

where A < |By| is the amplitude of the wave, 6B is a unit vector and @ is
the phase of the wave. Moreover, x = vt is the position of the particle . The
velocity of the wave is ¢4 = c4k/k. Assuming that ¢4 < c, we do a Galilean
transformation into a frame in which the wave is static. Notice that the magnetic
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field, time and space are unchanged by Galilean transformations, i.e. B" = B,
t' =t and k' = k. In this frame the particle has velocity v’ = v — ¢4 and

0B, =Acos([k-v' +k-cy —w]t+ @) =Acos(k - V't + D),

analogously for 6 B,. Thus, the particle is experiencing a static B-field helix. Since
the B-field does not vary in time, there is no E-field because of the Maxwell-
Faraday equation (2.38). Hence, in the wave rest frame only the magnetic force
acts on the particle and its energy is conserved, because

dp? _ AP o
dT _2p : dT _2yqp '(U XB)_O’

where 7 is the proper time of the particle.

Since 6B is assumed to be a small disturbance of B, we expect the particles
trajectory to be mainly determined by the guide field. Hence, we choose the
ansatz p = po + 6p with 6p = Ap,, i.e. the perturbation of the particle’s
trajectory is of the same order as the perturbation of the guide ﬁeld@ Note that
we dropped the prime; for the rest of the computation, momentum is defined in
the rest frame of the wave. Plugging this ansatz in the equation of motion yields

dpo

W—VCI(UO X By) +A

d .
% —vq(vy X 8By) — yqu; X BO] +0(A%) =0.
Notice the subscript of 6B, we also had to expand its sine and cosine compon-
ents, because k - v = k - (v + Avy).

The solution of the zeroth order equation is the helical motion of a charged
particle moving along a constant B-field, namely

UO,x
Vg = | Vo, 1 cos(wgt +¢) |,
U, 1 Sin(wgt + ¢)

where v} = v} + v} and w, = qB,/ym is the relativistic gyro frequency, see
Dendy (1990, eq. 2.8a, b). The equation of motion determining the evolution of
the perturbation is

%=yim[vo X5B0+v1 XB()]

Vo, 1 [cos(wgt + ¢) sin(k - vyt + P) — sin(wgt + ¢) cos(k - vyt + D)]
=— —Up,x Sin(k - vyt + D) + Byvy ,
rm Ug,x cos(k - vyt + @) — Byuy

Notice that d/dr = yd/dt. We furthermore used that the energy of the particle
does not change in the rest frame of the wave, i.e.
d dvl-

qpymi =ym-- fori € {0,1}.

12Since the perturbation parameter is A and the units of A are tesla, the units of the perturbed
quantities need to be divided by T. For example, p; has the units kg T~ ms™!.
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We proceed with solving the equation for vy 4, i.e.

doy x d Vo,19 .
T o sin(k - vot — wgt + x), (3.25)

where we took advantage of the fact that particles’ energy does not change, i.e.
Uy = Uy + AUy = U(o + Auy) which implies that v, ,, = vu,. Moreover, we
used the trigonometric identity sin(a¢ — 8) = sinacos 8 — cos a sin § and we
defined the relative phase y := @ — ¢ between the Alfvén wave and the gyro
motion,3|(cf. Blandford & Eichler, 1987, eq. 3.14)

The solution of eq. (3.25) is

1 — y2)1/2 t
U(—'Z())q/ sin [(k "y — wt’ + )(] dt’

0 (3.26)
vl - u3)'q

1
= > P— (cos[(k - vy — wg)t + x] —cos x) ,
g

My(t) =

where vy | = v(1 — ud)V2.
We solve the equations for v; ;, and v, , in one go by setting v, | = vy ), +iv; 5.
With this definition at hand, the corresponding equation of motion is

dvy, . qu, .. . .
T ly—mx [cos(k - vyt + @) +isin(k - vyt + P)] — iwg(vy ), + ivy )
. qUo, . .
= ly_n’lx eXp[l(k . Uot + qj)] — lngI,L .

Assuming that the perturbation of the particles’ velocity was zero at the begin-
ning of the wave-particle interaction, i.e. v; , (t = 0) = 0, the solution to this
ODE is

qQUox exp(i®)
ym k- vy + w4

v () = [exp(ik - vot) — exp(—iwgt)] . (3.27)
Since the energy of the particle does not change during the interaction, it is
the direction of motion that changes. If we use spherical coordinates for the
momentum of the particle, i.e. p = p(cos 6, sin 6 cos ¢, sin Osin )T, then this
direction is given by the the angles 0 and ¢. We thus also work out the perturba-
tion ¢; of the particles’ gyro phase . The gyro phase is

S(vy) ) — arctan < S(vo,. +Avy,) )
R(vy) R(voy,, +Avy,)) "’

= arctan(

where 3(z) and R(z) denote the imaginary or the real part of the number z €
C. vy, is defined analogously to v ;, namely vq | = vy, + ivy ;. A Taylor

3Note that in Blandford and Eichler (1987) y is shifted by 77/2, whence the cosine instead of
the sine. Notice that the relative phase is arbitrary.
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expansion in A gives

o ~ arctan ( S(UO,L)) R(vo,)S(vy,1) — S(UO,J_)ER(ULJ_)A
R(vo,1) S%(vo,1) + R2(vo,1)
1
=@+ 2 (R(vo,1)S(vy,1) — S(vo, )R(vy,1))A
0,1
= @0+ 14,

where we neglected terms of order O(A?) and used that $%(vy ;) + R*(vy ) =
v§ 1 (cos?(wgt + ¢) + sinz(cugt +¢) =0 ,.
The explicit expression for ¢; is very similar to the expression for u;, namely

Vox q Sin[(k- vy —wo)t + x| + sin(2wgt — x)
Pi(t) = — :

3.28
Up,1 YM k'v0+a)g ( )

Having derived an expression for an Alfvén wave and having worked out
how such a wave interacts with a charged particle, we are in a position to devise
a mathematical formulation for the collision term. Because the changes of the
particle’s trajectories could be treated as small deviations from their helical
motions, it makes sense to apply the Fokker-Planck theory in going from one
particle to a ‘statistical’ set of particles. At the end of Sec.|2.1.5 we showed that if
the changes in momentum & p (or velocity) are small, the collision term can be
computed with the help of the transition probability ¥(p, 5 p), see egs. (2.60) -
(2.62). The perturbation of the momentum, i.e. of the pitch angle, eq. (3.26), and
the gyro phase, eq. (3.28), depends on the relative phase y between the Alfvén
wave and the gyro motion of the particle. For the case of many wave-particle
interactions, we assume that y is a uniformly distributed random variable and,
hence, the transition probability (density) is

¥(p,6p) o 5.

This implies
¥(p — p,6p) = Y(p,—4p), (3.29)

because for a perturbation dp corresponding to an arbitrary but fixed y, there is
an equally likely encounter of a particle and a wave with a relative phase y’ that
corresponds to a change in momentum equal to —&p, see egs. (3.26) and (3.28).
If this is the case we speak of detailed balance. Notice that we assumed a fixed
duration t of the interaction.

Detailed balance allows us to simplify the right-hand side of the Fokker-
Planck equation (2.62). We integrate equation (3.29) and Taylor expand the
transition probability density in its first argument at p, i.e.

P(p,—6p)d3sp
R3
oy 1 8%

= ,0p) — —6p' + ————8pispl d35p + O(|5p|*) | d36p.
L(lﬁ(p P) = 5pi0P + 35,5, 0P 0P 40P+ O] pl)) p
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The integration over §p and the derivatives 3/ p’ with respect to the components
can be interchanged and keeping in mind that ¢ is normalised to one*ﬁ shows
that the above equation is equivalent to

9 [[ep'\_ 18 [op'6p\] _ 8 [ _DY]
api|\ ot/ 28pi\ ot ~ api api |

where we divided by 6t to recover the drift vector F and the diffusion tensor
DY that we defined in the egs. (2.60) and (2.61) respectively. We integrate this
equation over an arbitrary volume V, namely

, ij , ij
0=fi.[F’ oD ]d3p / [Fl—aD—.]nidS.
, opt op ov op!

This implies that the term in square brackets must equal zero, because the
integral is equal to zero for arbitrary surfaces 0V. Hence, if detailed balance
holds the drift vector and the diffusion tensor are related, i.e.
d
Fi=_—Dl. (3.30)
op’
This relation turns the Fokker—Planck equation (2.62) into

(ﬁ) _ _OfF! N 92Dl

5t). dpi  dpidp
N [ aDliJi ’ of oD _ 4 of (33D
= |- Dl]— T - DU— N
apl[ fc?pf " op/ +f<3pf] 5p’[ op/

i.e. a diffusion equation.

Because the energy of the particle does not change in the wave-particle
interaction, we use spherical coordinates in momentum space. However, the
components of the diffusion tensor DV are defined in a Cartesian coordinate
system, see its definition in eq. (2.61). We now derive expressions for the compon-
ents of D in spherical coordinates. The nabla operator in spherical coordinates

is
_of 10f 1 df
Vol = e, €56+ o hsintag
The contraction of V, f and the diffusion tensor yields

of 19f 1 of

zl= Dijep,j% +Dij ——+D

) p 36 ‘/’jpsineﬁ'

Notice that the right-hand side of the Fokker-Planck equation (3.31) equals
V), - z. The divergence in spherical coordinates is

0z
(sm 0zg) + — L 4

_ (2 o)+ 1 @
pzap psin 636 psinf d¢p ’

"It might not be obvious that [, (p, —dp) d*Sp = 1 as well. The integration over R* can
be formalised as an integration over a sphere with infinite radius and a sphere is invariant under
parity transformations.
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where z,, zg and z,, are the coordinates of z in the e,, eg, e, coordinate system,
namely z, = e, - 2,2 = g - z and z,, = e, - 2. We note that the expression for
the nabla operator and the divergence in spherical coordinates can, for example,
be found in Beresnyak (2023, Spherical coordinates). In total,

8 (1ydf\_ 1 a[ ( af af af)]
api<D apf) pzap P \Dov g, + Poogg + Do

RS of of of )]
+ si 536 [sm@(Dap(3 + Dgg =5 30 + Doy == 30 (3.32)

B af af
[ %p3p +D¢’959 +D¢¢£] ;

where we defined the diffusion coefficients Dy, = da/dp' DY 8b/dp/ with
a,b € {p, 6, p} (Risken, 1996, eq. 4.132). We remark that

1

me(P s (333)

Vpop=e,, V,0= %ee and Vpp =
where p, 6 and ¢ are considered to be functions of p*, p¥ and p?. The definition
of the diffusion coefficients D,;, implies that D,;, = Dp,, because the diffusion
tensor is symmetric, namely DY = (§p'§p//25t) = DJ'.

We would like to demonstrate that the definition of the diffusion coeffi-
cients D, agrees as well with the Einstein—-Smoluchowski expression developed
in the context of Brownian motion, namely D = (x?)/2t, see, for example,
Chandrasekhar (1943, eq. 174). The perturbation p + 6p, 6 + 66, ¢ + S¢ of the
momentum vector p leads to

cos 6 —sin 666
p+6p=(p+3p)| (sinb + cos656)(cos ¢ — sin pdp)
(sin 6 + cos 656)(sin ¢ + cos pdp)

=p+eydp+egpdb +e,psinbép.

Note that we neglected all second order terms of the perturbation variables
dp, 66 and S¢. The computation of the diffusion coefficient Dgg may serve as
an example:

¢ (8P'6p'\ o)
p 20t p

1 e, j
<25t D ep5p+eep56+e¢ps1n65go] [ep5p+e6p56+e(pps1n65qo] p>

_(5
“\26t/"

where we exploited the linearity of the expectation value and the orthogonality
of e,, eg and e,. The other diffusion coefficients D, are computed analogously
and, thus, they have the Einstein-Smoluchowski form we expect them to have.

Dgg=
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We turn our attention to the evaluation of the diffusion coefficients that
model the Alfvén wave-particle interaction, i.e. the coefficients determining the
collision operator of the particle transport problem that we are investigating.
First, diffusion coefficients related to changes in the magnitude of momentum
are zero, because the energy of the particle does not change. This is a con-
sequence of their definition: Dy, = Dpq = €8 p'5p//25t)e, jand dp does not
contain e, if §p = 0. Hence, Dp, = 0 for a € {p, 6, ¢}. This leaves us with the
three diffusion coefficients Dgg, Dggs Dg-

The computation of the diffusion coefficients require us to know more about
the transition probability density Y(p, d p). We mentioned that it will depend
on the relative phase y. However, notice that we kept quite about the fact that
the change in the pitch angle (and the gyro phase) also depends on the angle
between the direction of propagation of the wave k/k and the particles velocity
v,. We circumvent this difficulty by restricting ourselves to a specific direction
of k, namely we require that k || By. Furthermore, the time ¢ the interaction
takes influences the perturbation. Since we do not have any a priori knowledge
about the interactions’ durations, we again presuppose that all possibilities are
equally likely. Eventually, we have to take into account that the particle interacts
not with one, but with many waves of varying amplitude and wave length.

We demonstrate for the pitch-angle diffusion coefficient Dgg how the aver-
aging over all possible changes of momenta § p works. We start with eq. (3.26),
i.e. the expression for the perturbation of u. Notice that because u = yg +
Au, = cosf = cos(B, + 668) = cosB, — sin 6,56, the perturbation of 6 is
60 = —Apu,/ sin 6,. The diffusion coefficient thus is

2 27
66 ,le lim f f f / dlul d:ul e d){dt dt" dk
28t T 201 - 12) #o) Am 7 27r dr dt u

Mmp v3q 27 (cos [(kvpg — wg)t + )c] —cos y\ d)( dk
_ Hmp UG &
p t—>oo t (kvpg — wg)

_ Hmp wg lim 1o /°° 1 — cos [(k — wg/vpo)(tupo)]
4 vuyBi t-w Ho o (k — wq/vpg)*(tvug)?

(k) dk

17 wg ®

= 8k — wy/vug)E(k) dk
24 (Bg/zlump)v:uo f § °
17 ke(k)|k—wg/vyo

4
_— =: — 3-34
24 (B2 [ 2Ump) “s = 2 (3.34)

Note the unusual notation u.,, for the magnetic permeability; in the current
context u, denotes the cosine of the undisturbed pitch angle. In the first line we
average over the duration of the interaction ¢ and the relative phase y. However,
the possible values of y are in [0, 277] whereas ¢ can have values ranging from 0
to infinity. Keeping in mind that all relative phases and durations are equally
likely, we arrive at the a factor 1/27 and the limit lim,_, ,, 1/¢.
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The integral over all wave vectors reveals its meaning when going from
the first to the second equation. In doing so we integrated over ¢’ and ¢” and
introduced the energy density spectrum E(k), i.e. £(k)dk is the wave energy
density of waves with wave vector in the interval [k, k + dk]. Notice that A%/ Mmp
is the energy density of an Alfvén wave, see eq. (3.24), and integrating over an
energy density spectrum allows us to represent that a particle interacts with
waves of varying amplitude and wave lengthE We included a factor of 1/2 to
account for the fact that the energy density spectrum is defined such that it does
not distinguish between left- and right-circularly polarised waves; a particle with
a given sign of cos 6, and a charge q only interacts with one of them. Also note
that we set k || By, cf. (3.26).

The delta distribution appears because it can be shown with the help of a
contour integral that

1 [* 1 1 — cos(x) _
E/;wn(X)dx—E'/:wde—l,

see Stein et al. (2003, Chap. 2, Example 2). Hence, 7 can be used as a nascent
delta function, i.e.

lim 1 f IS dx = 0 = f

" d(x)f(x)dx, (3.35)

see Stein et al. (1972, Theorem 1.18.) for the mathematical meaning of the limit.
In eq. (3.34) we set ¢ = 1/tvy, and the limit ¢ — oo is turned into ¢ — 0. The
appearance of the delta distribution tells us that only resonant waves contribute
to the diffusion in pitch angle, namely Alfvén waves whose helical geometry is
followed by the gyro motion of the particle or, equivalently, Alfvén waves whose
wave length is such that the particle crosses it during one gyro period; notice
that k = wg/v, is equivalent to 4 = T,v, ., where Ty is the gyro period.

In the last line of eq. (3.34) we defined the collision frequency v, cf. result
and the arguments that led to it with Blandford and Eichler (1987, p. 20).

We proceed with D,,. An analogue computation yields

<2Tf> T4 tlirﬁ, ?fo ‘é [@1(t) — ¢(0)] S(k)ﬁ dk

Hmp v%,xwé . 1 ®1- COS[(kvMO + wg)t]
= — 1 2
0 (kU/"O + C()g)

ey n E(k)dk (3.36)

1 T kg(k)|k=—wg/vu0 Y%

= — Wy =2 .
24tan’6, (B3/2ptmp) ° 2

5In the first equation A%/ HMmp is to be understood symbolically, since A denotes a specific
amplitude. It is merely meant to motivate the introduction of the energy density spectrum of the
Alfvén waves. The second equation is correct again.
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If the energy density of waves travelling into the direction of the guide field B,
is the same as for waves travelling in the opposite direction, then v, = v/ tan? 0,.
This implies that there exists a critical pitch angle 6, that determines wether gyro-
phase diffusion dominates pitch-angle diffusion or vice versa. Shalchi (2012)
derives analogue results for the diffusion coefficients, in particular he arrives
at the same relation between Dgg and D,,,,. He also shows that the diffusion
coefficient Dg,, = 0. However, he employs a different definition of the diffusion
coefficient.

The only diffusion coefficients unequal to zero thus are Dgg and Dy,,,. Since
the angles 6 and ¢ encode the direction of motion of the particles, these diffu-
sion coefficients imply repeated small changes in the particles’ trajectories that
eventually lead to an isotropisation of the particle distribution, see Shalchi (2012,
Fig. 6). We derived the diffusion coefficients considering the interaction of a
particle with circularly polarised Alfvén waves of random phase and with small
amplitudes whose direction of propagation were aligned with the guide field.
We do not expect that these assumptions hold exactly at particle acceleration
sites, see Blandford and Eichler (1987, p. 21). Nonetheless, we keep the idea that
there exists a frame in which the energy of the particles is nearly unchanged
when interacting with plasma waves and that the net effect of the wave-particle
interactions is the isotropisation of the particle distribution. This motivates the
following expression for the scattering operator

8f\ _ 1 9 (4ng29f ”ﬁﬂ)
<5t>c_sin669<sm 266>+<26g0

~3 [sin@d@ (Smeae> T 20092
v
= EAG,go s

cf. the general expression for the diffusion coefficients in spherical coordinates
given in eq. (3.32). The key approximations are, firstly, that the scattering fre-
quency is independent of the pitch angle 8 and the gyro phase ¢ and, secondly,
that we replaced Vp = v/ tan? 6 with Vp = v/ sin® 6. Since cos? 6 < 1, the latter
approximation overestimates the diffusion of the gyro phase for low values of
6. We note that this scattering operator is said to model isotropic scattering and
that Ag ,, is the angular part of the Laplacian operator in spherical coordinates.

At the end of this section we comment that we derived the scattering operator
for the single particle distribution function f(t, x, p). However, we would like
to work with the fully relativistic Vlasov-Fokker-Planck equation (3.15). In
agreement with eq. (3.16) we define

(‘;_3:)0 = 2mH(E)y (%)C §(pup* — m*c?), (3.38)

where y is the Lorentz factor of the particle in the rest frame of the wave and
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where we exploited that the wave-particle interaction does not change the
particle’s energy (see Achterberg & Norman, 2018, text after eq. 31 and eq. 35).

3.2.3 MIXED COORDINATES

On our way to a solution of the relativistic VFP equation (3.15) for the case of
a parallel shock, we derived an explicit expression for the scattering operator.
However, the expression is only correct in the rest frame of the Alfvén wave
whereas the space and momentum variables (x¥, p,,) are defined in a laboratory
system, e.g. the rest frame of the shock wave. In the view of the fact that
interactions only change the momentum variables of the involved entities, it
makes sense to only transform the momentum variables into the rest frame of
the waves. We refer to the coordinates whose spatial components are defined in
the laboratory system and its momentum components in a different frame as
mixed coordinates.

A difficulty in defining the mixed coordinates is that the rest frame of the
waves is not well defined, since there maybe waves propagating in all directions
and if not only Alfvén waves scatter the particles, then the Alfvén and the sound
speed need to be taken into account. If the velocity of the background plasma,
i.e. the plasma in which the shock wave propagates, and the Alfvén speed are
small compared to the speed of light, the rest frame of the background plasma is
approximately the rest frame of the waves. The reason is, firstly, that relativistic
particles (y > 1) travel almost at the speed of light and transforming into a
slowly moving reference frame does not change their velocity significantly and,
secondly, for a particle moving at such a high speed a slowly propagating and
oscillating wave appears to be stationary. We defined the Alfvén speed in the rest
frame of the background plasma and, for the sake of the argument, we now make
the additional assumption that the background plasma is the interstellar medium
(ISM). Typical values characterising the ISM are a number density n of 0.1 to
100 cm~3 and a magnetic field strength B, between 0.3 to 10 nT. Assuming that
the ISM consists completely out of protons and electrons and neglecting the mass
of the electrons, yields an Alfvén speed ¢4 = By/+/poko ~ 20.5-21.8kms™",
see Thorne and Blandford (2017, Sec. 19.7.3) for a similar estimate. Furthermore,
typical speeds of a shock wave of a supernova remnant are in the range of
3000kms~! to 10000 kms~! (Blandford & Eichler, 1987, p. 12). Hence, we
choose the rest frame of the background plasma as an approximation to the rest
frame of the waves.

We now transform the momentum coordinates into the rest frame of the
background plasma. We note that the following computations summarise the
Sections 2-4 of Achterberg and Norman (2018). The transformation of the
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momentum variables is done with a restricted Lorentz transformatiorE, namely

(3.39)

A(U):( r -I'u’/c U)

—I'U/c 1+(T -1)/U*U®

The velocity U is the plasma velocity and I' = (1 — (U/c)?)~%/? is the correspond-
ing Lorentz factor. The inverse transformation is A=!(U) = A(—U). Henceforth,
we use the index notation and introduce the convention that Greek indices
refer to quantities defined in the laboratory frame and Roman letters with a
hat are indices of quantities that are given in the rest frame of the background
plasma, for example, p“ p“ We note that Lorentz transformations leave
the Minkowski metric'” 1nvar1ant ie.

Xy XH = 1y xHx? = nlw,Agdi’éxB = 7,x9xb = x4x9, (3.40)
where 7),,,, are the components of the Minkowski metric. We note that we adopt
the signature convention (+, —, —, —). Eq. (3.40) implies that 7,5 = 7 WAZA’é.
The fact that the inverse Lorentz formation is obtained by inverting the sign of
the velocity is in tensor notation expressed as A5A% = &%. Note that exchanging
the Greek index with the Roman index is equivalent to two contractions with
the Minkowski metric; these contractions flip the sign of the velocity.

Before we transform the relativistic VFP equation into the rest frame of the
background plasma, we compute the fictitious force that must appear because
the velocity of the background plasma U changes in time and space; we thus
transform into a non-inertial, i.e. an accelerated, reference frame. An expression
for the fictitious force is derived by applying Newton’s second law to a free
particle, i.e.

dp:u a pa dAg

T = g (A = A5+ =0,

where we applied the product rule. Since U depends on t and x, the derivative
d/dt has to be interpreted as the proper time derivative along the particle’s orbit,

i.e.

ﬂﬁ:p_va/tg _ yp_baA;“;
dr m dxV bm dxv °

Contracting the first equation with A‘cf and inserting the second equation yields
a definition for a fictitious Minkowski force, namely

dpé _ u oA 2P5pa _.
e ACA b3 m =: K;, (3.41)

cf. Achterberg and Norman (2018, eq. 9).

16This means that the orientation of time and space are preserved. (Jeevanjee, 2011, Ex. 4.17.)

"The term ‘metric’ might be misleading. We define 7(v, w) = V°w® — v - w with v, w € R*.
This implies that 7 is a non-degenerate, symmetric bilinear form. However, 7) is not positive-
definite and, hence, it does not induce a norm.
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Transforming the momentum variables in the relativistic VFP equation (3.15)
results in

K Hop. 1oy

% af(;cx/; ba) y 4, W Py af(dxp;; =
_ProF  pPoFopa  4p,, 97 9pa
mox# = m dpg oxH  m H TVAp,dp,
_p_/‘a_j—"_i_p“pva/l 63’“ u 0F

3o

= 342
m Ox# m 9xH dpg m B pvazy dpa (342

_ P OF 504G P°ps OF + 3 pbpvpr, 97

= Aoy gn T AN T, apa m Ve Aa pbap

_ (5_9’>
6t ).’
where we applied the chain rule in the first equation and evaluated the corres-
ponding derivatives in the second equation, namely

dps _ 9Ag ops _ 0@

Sxi = gouPv and B E(AZPV) =Af.

In the the third equation we transformed all momentum variables, e.g. p* =
Ag p%. The scattering operator on the right-hand side of eq. (3.42) is the one that
we derived for the wave-particle interaction in the rest frame of the wave, see
eq. (3.38). Taking advantage of the fact that A2A5 = 67 implies

oAy 5 ,0A
5o = ~Ais (3.43)
we obtain X
up? 0F q_.p \OF (5_?)
A=+ (Ko + LFp )ap 57). (3.44)

where we also used that FdB = AQF#”AZ is the electromagnetic field tensor in
the rest frame of the background plasma. (Achterberg & Norman, 2018, eq. 30).
This the fully relativistic VFP equation in mixed coordinates.

The single particle distribution function # does contain the Heaviside func-
tion H(E') = H(p®) and the delta distribution 6(p,p® — m3c?) that ensure that
the energies of the particles are positive and that they are on mass shell, i.e. their
energy is determined by the energy-momentum relation, see eq. (3.16). Notice
that we reintroduced the prime to refer to quantities in the rest frame of the
background plasma as an equivalent notation to hatted Roman indices. In a next
step we integrate eq. over [ de po to reduce the number of independent
variables from eight to seven and, in agreement with this, to derive an equation
for f(t,x, p’)E We split the integration into three parts: First, we integrate the

181 thank Prof. John Kirk who gave me the decisive hints to do the integration.
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spatial advection term, secondly we proceed with the momentum advection term
and, thirdly, we integrate the collision operator.
The integration of the spatial advection term yields

f 2p°Afp “af(’ ’p)H(p0)5(pap @ — m2c?)dp?

of(t.x, p')
Hoa
_[ (p? + mzcz)l/zAap OxHM

X H(pé) [5 (p() _ (p/2 + m202)1/2) + 5([)0 + (prz + mzcz)l/Z)] de

af(t,x,p’)
OxH ’

= AL pt (3.45)
where we used that the composition of the delta distribution with a function,

say g(x), is

5(e) = 3] —55, (;i’)‘li) .

The sum extends over all roots x; of g(x).

We begin the integration of the momentum advection term focusing on the
part corresponding to the Lorentz force, i.e.

a4 (7 on6. 0F o a (" opab, OF L o
m/_oopFa pbapddp _mf p'F pbapadl’

= f (Fob o+F"f’pzsa—g'i)dpf’,
apt

where we split the sum over @ into its time and space components. Note the
ambiguous notation; the Roman indices i, j and k run from one to three.
The integral of the time component yields

&) 3 o X ) X
-2q f f 30 (p°Fp;) H(p®)8(pap® — m2c?) dp°
= —2qf f (F%pg + FOng) H(p")S(pap® — m2c)dp®  (347)
4 rpob, — _r 9 poi,
Note that under the integral the energy po and the momentum components
p' are independent variables. However, after integrating p° = (p'2 + m2c?)V/2,

Moreover, the anti-symmetry of the electromagnetic field tensor implies that
F% = 0and f(t,x, p') is independent of the energy.
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The integral of the space components gives
2q f p°F”’pb (fH(p°)5(pap — m?c?))dp® (3.48)

© 3
=2qf depOF’b fH(pO)—5(pap — m2c?)dp® + qF'bp; 611;’

where we applied the product rule and evaluated one of the integrals as before.
To simplify the handling of the derivative of the delta distribution we replace
it with a continuously differentiable nascent delta function, e.g. 5.(x) := n(x/e) =

exp(—x?/2¢%)/4/ 2e. Restricting our attention to the corresponding integral, we
find

N N : ;
2qlim f dpopoFlbpng(pO)ﬁés(pap“ —m*c?)dp?

a «
= 2qflim f Fibp; H(po)pl 50 8:(pap? — m*c*)dp®

a o N N
= —2qflim | 3 (Fpsp;) 8.(pap? — m*c?) dp®

e—0
=-2qf f F fopzc?(papd — m?c?)dp°
0
= —%fFfopi = %fFO{pi- (3.49)
p p

The first equality is a consequence of

p ! 0 7
p; 550 8.(p°po + pjp! — m2c?) = 2p8(p°py + pjp — mic?)

= 2 6.p%ps + pjpl — ),
opt
where J; denotes the derivative of the nascent delta function. After having integ-
rated by parts we replace the nascent delta function with the delta distribution,
see eq. (3.35). Eventually we used that F'y = F'0 = —F%%,
We collect the results of egs. (3.47), (3.48) and (3.49) to arrive at

a (% ops, 0F i i Of oi
m[pra pbapdd f F pl+qF papl fF pl
: af (3.50)
= qFpy—=
q pbapi

=y'mq(E' +V XB')-Vyf.

Notice that the obtained reduction to the space components of the Lorentz force
is in agreement with requiring that the particles are on mass shell; the energy
changes only if the momentum of the particles change.
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We compute in an analogue manner the integral of the fictitious force term.
Since we exploited the anti-symmetry of F°, we define

X o 1 .5 400 01 X
K =n"K, = —En“dASWAgpﬁpc = ETabéPBPC ) (3.51)

and note that eq. (3.43) implies that the newly defined tensor is anti-symmetric
in its first two arguments, i.e. T%, = —T?4,.' The integral of the fictitious force
term can thus be written as

e 8F .o 1 % of.on . OF O0F\ | 4
0r-a 0 _ — 0 0b 4. ¢ ib . 27 0
f_oopK gpa 9P —mf_oop (T ¢PpD ap6+T ¢PpP api)dp ;

where we again separated the time component from the space components.
The evaluation of the integral of the time component yields

1 (™ 006 00F | ¢
— POTObéPBPC—AdP():—é(TOIéPiPC‘FTOlOPi)- (3.52)

The integration of the space components gives

® omih . sOF 9
/ POTeppp’— dp° = T':psp 5fl io(Tl()cplp + T pips)
—e P l} ‘} (3.53)
_ “J 0l .1 0l .n.
= T pyp¢ P (T%p;p® + T pips)

where we used that Tf()é = Tmé = —TO’}. Additionally, T, opip; = 0, also
because of the anti-symmetry.
In total, we are left with the space components of the fictitious force, i.e.

® 6 0F o s oOf
Ora’~ 0 _ 7ib_,.n¢ 2 _— ’. ,
[mp K 30 dp® = T":pgp o mK' -V, f (3.54)
Finally, we integrate the collision operator, namely

2m /_: %y’ (%)(_’H(p%(papd m?c?) =y'm (?:) r Zw Agigrf-

(3.55)

Dr. Reville remarked that the anti-symmetry is a necessity, because
a

1d a — dp - ab
0= 3 3;PaP® = Pa—gp = PaPpT* D¢

for arbitrary four-momenta p® and the product psp; is symmetric; the contraction of a symmetric
and an anti-symmetric tensor yields zero.
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Putting the spatial advection term of eq. (3.45), the momentum advection
term as presented in egs. (3.50) and (3.54), and the collision operator together
gives the relativistic VFP equation in mixed coordinates:

. af 1 of
M_a ’ ety 7 ' ’ Y =7
AGD Ep +y'm 7/,K +q(E' +v xB)] Vo f ym(&)c. (3.56)

In the next section we further simplify the relativistic VFP equation. Therefore,
we make the assumption that the speed of the background plasma is much less
than the speed of light, as for example is the case for a supernova remnant.

3.2.4 TRANSPORT EQUATION

Under this assumptions it is possible to do a Taylor expansion of the Lorentz
transformation given in eq. (3.39) in U/c. The expansion requires us to rescale
the time components of the involved four-vectors, i.e.

1/c O"\[E'/c

0o 1 p
_(1/c o7 r -Ir'u'/c ¢ 0"\ (1/c OT\(E/c
“\o 1)\-ru/c 1+T-1/U*’UU)\0 1)\0 1)\p
(T —Iru’/c E/c?
“\-Irv 1+T-1)/U*UQU/\ p
(1 O0"\[(E/c?
_(_U 1)( h )+(9(U/c), (3.57)

where we inserted an identity matrix and only kept zeroth order terms, i.e. we
dropped all terms of order U/c. The rescaling was necessary to correctly identify
the order of the matrix elements.

Employing this approximation to the first term of the relativistic VFP equa-

tion (3.56) yields
abpadf (T ru'/e E'[c\ (1/cd,
aP 5 “\ruje 1+ -1)/V?UQU P V. !
(1 O"\[(E'/c*\ (& (3.58)
(o 3)(5) () rown

=ym[0;+(U+0v") -V ]f+0U/c),

where we inserted two identity matrices and used the property of the scalar
product that for an arbitrary matrix A, the scalar product x-(Ay) equals (ATx)- y.
The fictitious force term can be simplified in a similar manner. Starting with
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eq. (3.51@, we get
1/c 0T\ /(KO
0 1 K’
_1(1/c 07 'Jc 1/cd, 'Ic
=0 )all (%) (5 ()
1 {1/e OT\[({1 OT\(E'/c 'Jc
=l Dl 3G G D)) +ewe

, 0
-y (y,m DU/DL + p' vxu> +O(U/c). (3.59)

Notice that E’ and p’" are independent variables, i.e. they do not depend on ¢
and x. Inserting the approximate expressions of egs. (3.58) and (3.59) into the
relativistic VFP equation (3.56) results in

of ,
En +(U+V) -V, f

(Vmﬁj+p VLU) -V f +qu X BV f = (55{) (3.60)

where we also assumed that the ideal MHD approximation holds for the back-
ground plasma, i.e. E’ = 0, see eq. (2.84).

Keeping only the zeroth order terms of the Lorentz transformation can be
interpreted as the assumption that the background plasma moves slow enough
to justify a Galilean transformation, i.e. all relativistic changes related to the
transformation into the rest frame of the plasma can be neglected. However, the
motion of the particles in the rest frame of the plasma is treated relativistically,
whence the appearance of y’. We thus may dub eq. (3.60) the semi-relativistic VFP
equation. Notice that this name complements the non-relativistic limit in which
the thermal plasma and the particles are modelled non-relativistically. The
semi-relativistic VFP equation is the starting point of all the chapters containing
our research, namely Chapters|446.

3.3 THE COSMIC-RAY TRANSPORT EQUATION

With an explicit expression for the collision operator at hand and the reduction
of the fully relativistic to the semi-relativistic VFP equation, we are in a position
to apply the kinetic equation (3.60) to the parallel shock scenario. The result is
the cosmic-ray transport equation.

2ONote that P
dAb 2945
DAL S APt = Az b AP
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In this scenario the velocity U of the background plasma is determined by
the the propagation of the shock wave. In the rest frame of the shock wave,
which we choose to be the laboratory frame, i.e. the frame in which x and ¢ are
defined, the velocity profile is

U=U; forx<o0

U(x) = )
U,=U,/r forx>0

(3.61)

where r, as before, is the compression ratio of the shock, see Fig. (3.1.2).

The discontinuous velocity profile suggests to split the spatial domain of the
single particle distribution function f into two parts, namely a function f; and f,
defined in the up- and downstream respectively. This avoids the need to handle
the discontinuity at the shock wave, in particular the derivative of U is not
continuously differentiable. Notice that because of the mixed coordinate system
A, x, pp) and £(¢, x, p,) are functions of the momentum as defined in the
respective rest frames of the background plasma, i.e. p; and p, are the momenta
in the rest frame of the upstream and downstream plasma respectively. The
splitting of the domain into two parts allows us to solve eq. independently
in each of them. However, this simplification comes at the cost of the necessity
to match the obtained solutions at the shock wave.

In a first step, we focus on finding solutions in the rest frames of the up-
and downstream plasmas. The discontinuous velocity profile reduces the semi-
relativistic VFP equation to

afi Vi

T + (Uex + ;) - Vi fi + qui X B -V, f; = §A9i,¢ifi , (3.62)
where the index i € {1, 2} distinguishes between up- and downstream quantities
respectively. We also used that the magnetic field in the laboratory frame and
the rest frame of the background plasma are about equal, more precisely B; =
B; + O((U/c)?) and that the B-field is the same in the up- and downstream of
a parallel shock, i.e. B = B} = B,, see eq. (3.4). Moreover, we plugged in the
expression that we derived for the collision operator, cf. eq. (3.37).

A key assumption when we derived the energy spectrum of the charged
particles in Sec. 3.1.2]was that their distribution function is isotropic in the rest
frame of the background plasma, i.e. in the up- and downstream rest frame. This
assumption in combination with the motion of the shock wave ineluctably leads
to a net particle flux through the shock, i.e. more particles leave the upstream
than enter it from downstream@ A steady-state is established because charged
particles are assumed to be constantly injected. Notice that in Sec.|3.1.2 we did
not use mixed coordinates whereas in eq. (3.62) we do. In effect, the shock front
is located at x = 0 and does not move. As particles that leave the upstream leave

ZThis becomes apparent when the net number flux through the shock is computed, i.e. when
the limits of the integral in eq. (3.6) are changed to [-1,1] which results in d j¥/dp = 47 f (p)p*U,.
Also see the corresponding formula for the imaginary surface in the downstream.
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it, no matter which coordinate system we choose, it is a necessity to recover the
particle flux in the mixed coordinate setting. The fact that the relative motion
between the particles and the shock went into the spatial advection term, i.e. the
VFP equation contains the additional term U;d, f, may allow for an anisotropic
distribution function as a solution to it. The anisotropy could account for the
necessary number flux. On top of that, the computation of the net flux through
the shock shows that dj¥/dp « f(p)U;, where f(p) is the isotropic distribution
function in the upstream rest frame. This implies that the anisotropic part must
be proportional to U;/v; to yield a comparable flux. Considering that we are
interested in relativistic particles, i.e. v; = ¢, it may be that the anisotropic part
can be regarded as a comparatively small deviation from an isotropic particle
distribution.

These arguments motivate an ansatz for the single particle distribution
function f that splits it into an isotropic and an anisotropic part, i.e.

fl:(t’x’ pl) = fio(t’x’ pl) + dﬁ(t’ X, pl) = ﬁo(t’ X, pl) + epi . fil(t’x9 pl) s (363)

where we separated out the angular dependence of f; notice that we keep
using spherical coordinates for the momentum variables, i.e. p; = p;e,.. We,
additionally, presuppose that the anisotropy & f; is of the order O(1;/£ fié)) with
Ai/L < 1, where 4; := v;/v; is the mean free path of the particles and £ is the
characteristic length on which the isotropic part f° changes, i.e. 3°/dx ~ f°/L.
The ansatz together with the above presupposition, which is typical for diffusion
processes, is called the diffusion approximation. Furthermore, the anisotropy
& f; is referred to as the dipole anisotropy.

We remark that eq. informs us that the evolution of the distribution
function f is determined by the particle velocity v;, the velocity of the plasma Uj;
and the scattering frequency v;; as pointed out in the introduction of Sec. (3.1.2)
the magnetic field B is irrelevant for the acceleration at a parallel shock. We can
combine these three parameters to obtain a possible candidate for the charac-
teristic length, namely £ = v?/(U;»;). This choice will prove to be justified in
retrospect. Taking it for granted, implies that § f; € O(4;/L f}) = O(Ui/v;fY).

We furthermore would like to point out that

© T 2 [+3]
9i ==f fid3p=f f ﬁpzdpd9=47r/ f°p*dp,
R3 0 0 0 0

i.e. the integral of the anisotropic part over the sphere vanishes. Note that we
also defined the configuration-space density ¢ of the energetic and charged
particles. This means that the ‘particle content’ is in the isotropic part only
and if there is an anisotropy in the distribution, e.g. if there are more particles
moving to the right than to the left, then this is realised by subtracting particles
that move to the left from the isotropic part and add them to the particles that
move right. For the case described in the previous sentence, the distribution
function would be f; = f° + cos §;f}; where £, is the first component of f* and
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assuming that fi,l1 > 0, the anisotropy does exactly this, i.e. it removes particles
from the isotropic part that move to the left, because cos 6; < 0 for §; > 7/2,
and adds them to the particles that move right. It is in this specific sense that
the anisotropy in the diffusion approximation describes a deviation from an
isotropic distribution. (Kirk, 1994, Sec. 4.2)

Plugging the diffusion approximation into the VFP equation that
models the parallel shock scenario gives

afe ofi af? 5fil
S ten 5 tUigy tUen 5

+ ey, - xfi +viep, - x(ep,-'fil)+(epixwg)'fil=_Viepi'fi1’

(3.64)

where we introduced the vector w, := qB/ym and used that

_ A A fi
Vodi =€, 5p+pi “oiPr 6p b)

Agygifi = —2€p, - fi -

The first equality is a result of expressing the Nabla operator in spherical co-
ordinates and the fact that p;/p; = e,

To arrive at an equation for the isotropic part f°, we exploit that the aniso-
tropy vanishes when we integrate over the sphere. We, thus, integrate eq. (3.64)
over dQ. This results in

0 0
%+q%+%vx-ﬁ=o, (3.65)

where we divided by 47 and used that

T p2T T p2T 5
f / ep,kdQ2 =0 and / f €p;,k€p;,1 402 = 471% . (3.66)
o Jo 0o Yo

The equation for the kth component of the anisotropy f* is obtained through
a multiplication of eq. (3.64) with e, ; and a subsequent integration over dQ.
The equations for the three components are

Ofy . 9fin ) of

3 + U e +vifii = U Fa (3.67)
Ofa . Ofia af°

3t UG ~esfh k= vy 209
afl afl 3 0

We again took advantage of the integrals in eq. (3.66) and, additionally, we used
that an integral of a product of three components of e, over the sphere vanishes.
Note that B = Bjye,. Egs. (3.67)—(3.69) are arranged such that the source of
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the anisotropy is emphasised, namely gradients in the isotropic part of the
distribution function. If we assume that the particles are injected isotropically
and homogeneously in the y-z plane, the components f}, and f; are identically
zero; the equation (3.65) for the isotropic part tells us that no gradients in the y-
and/or z-direction will evolve.

Dividing the equation (3.67) for the first component f; of the anistropy
by v;, reveals that the term Uj/v;df;/dx is of the order O((Ui/v;)(4;/£)3f/8x)
and can be dropped, because we assumed that U;/v; and 4;/£ are much smaller
than one. Let the characteristic time scale on which the isotropic part of the
distribution function f changes be t and if 7 > 1/v, i.e. if the acceleration of
particles takes much longer than it takes to isotropise the distribution function,
then we may drop the time derivative of f; in eq. (3.67) as WGH@ Hence, the

anisotropy is

dfi0
fi,11 = ij ,

cf. Drury (1983, eq 2.35). Plugging the anisotropy into the equation (3.65) for
the isotropic part results in the cosmic-ray transport equation for a parallel shock,

namely
af af° 4 (Aivia_ﬁp)_ 3 ( ﬂ)

_ui%io _ _
v, 0x A

(3.70)

(3.71)

ot TUiox Tax\ 3 ox ) ax\“ax

where we defined the diffusion coefficient x; = A;v;/3.

3.3.1 SOLUTION OF THE COSMIC-RAY TRANSPORT EQUATION

We solve the cosmic-ray transport equation (3.71) for a parallel shock assuming
that a steady state is reached, i.e. assuming that the single particle distribution
function f does not change anymore with time. This is in agreement with
Sec. 3.1.2 in which we computed the steady-state spectrum of the particles.

The steady-state cosmic-ray transport equation is an ordinary differential
equation in x, namely

i3x = ax \Kigy (3.72)

and physically it can be interpreted as a flux of particles due to advection that is
balanced by a diffusive flux.

We allow for the possibility that the scattering frequency v; and, thus, the
diffusion coefficient x;, may depend on x and the magnitude of the momentum

Udfio d < 6]"1-0),

2If T > 1/v;, then f? in eq. (3.67) can be assumed to be independent of time, because it
evolves comparatively slow. Neglecting U;0 f il,l/ 9x, the solution of eq. (3.67) then is

af? v,
fir= _Ui/Via_xl (1—e),

which for 1/v; < t gives eq. (3.70).
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p. Integrating eq. (3.72) over x yields

arfe
U = ri(x, Pi)ﬁ +Ai(p), (3.73)
where A; is the constant of integration. The homogeneous solution of the above
ODE is fi?h = Bi(p;) exp(S U;/x; dx). We vary the constant B; to construct a par-
ticular solution, namely fi?p = Bi(x, p;) exp( S U;/x; dx). Plugging the particular
solution into eq. (3.73) and integrating it over x determines the constant B;, i.e.

Bi(x, pi) = —Ai(Pi)feXP (‘f K.()(Cjip.) dx) /xi(x, p;) dx

= Ai(pi) exp (—f K.(gip.) dx) +Gi(py),

where we set A; = A;/U; and integrated by substitution using that H(x) :=
J Ui/x; dx has the derivative H'(x) = U;/x; .

The general solution of the cosmic-ray transport equation is the sum of the
homogeneous and the particular solution, namely

U;
0 i
O(x, p;) = Ai(py) + Ci(p; dx), 3.74
$06e.p) = Ap) + Clpoexp [ — o ax) (3.74)
where C; := B; + C;. (Drury, 1983; Kirk, 1994, eq. 2.33 and eq. 81 respectively)
The distribution function f is a number density and so is its isotropic part,
we thus require that it remains finite downstream, i.e. f(x, p,) < co when
x — oo. If the x dependence of the diffusion coefficient x; is such that

lim 1/x;dx — *o0,
X—>*oo

then the requirement that £ is bounded implies that C,(p,) must equal zero
and thus the distribution function is homogeneous in the downstream. The
corresponding phase-space density C;(p;) in the upstream decays exponentially
with decreasing distance from the shock. Moreover, we can think of A;(p;) as
an isotropic population of particles that ‘inhabits’ the upstream irrespective
of the shock wave. Keeping in mind that we are not interested in how pre-
existing particles are accelerated but in how constantly injected particles change
their energy, we may set A;(p;) = 0. Taking the outlined restrictions into
consideration, the physically relevant solutions of the cosmic-ray transport
equation are

x U,
12(x, p1) = Ci(py) exp <£ K1(X—,1p1)

fzo(x’ p2) = Ax(p2) forx>0.

dx| forx <O
(3.75)

Notice that the limits of integration ensure that (0, p;) = C;(p;) at the shock.



3.3 THE COSMIC-RAY TRANSPORT EQUATION 93

We emphasise once more that the isotropic part of the particle distribution
function in the downstream is independent of x. An immediate consequence
is that there is no anisotropy in the downstream, i.e. ]”21’1(x, p2) = —A,0f/9x =
0, see eq. (3.70), whereas in the upstream a dipole anisotropy exists, namely
fii(x, py) = 30y /v F(x, pl) Note that the dipole anisotropy is of the order
O(Uy /v f2), as speculated when we introduced the diffusion approximation. At
this point we pick a up a loose thread, namely our choice for the characteristic
length £ scale on which the isotropic part of distribution function varies. The
exponential decay of the isotropic part suggests to use an e-folding, i.e.

2 A T |V 30,

—1= ] dx=_l w(x, 'dx=—1y~ Yy
—/Ov Ki(x; pi) U% 0 l( pl) U% < l(pl)>

__ U

30 (vi(p)

which justifies our choice and where we applied the mean value theorem for
definite integrals, i.e. fox v dx’ = (v)x.

With egs. (3.63), (3.70) and (3.75), we are ready to write down the complete
single particle distribution function in the up- and downstream of the shock
wave, namely

(3.76)
= L=

f(xp)—C(p)<1—3cos6ﬂ)exp<fo
R e Yoy b *i(x, p1)

L(x, p2) = Ay(p2) forx > 0.

dx| forx <O
(3.77)

We expect the single particle distribution function to be continuous at a parallel
shock front, because the B-field is unchanged and the particles continue to follow
their trajectories undisturbed. However, we use a mixed coordinate system and
the momentum variable in the upstream is defined with respect U; whereas it is
defined with respect to U, in the downstream. This implies that the distribution
functions f; and f, are discontinuous at the shock.

For a continuous distribution function f, we thus need a frame in which
the definition of the momentum variable does not change across the shock: We
follow Drury (1983, p. 983) in transforming the momentum variables in up-
and downstream to the shock rest frame. Using the transformation given in

BIn footnote@we computed the net number flux through the shock in the upstream rest
frame. It must equal the number flux induced by the anisotropy in the mixed-coordinate system
and that is the case, because

djs

b, :/vlcoselflp%dﬂ:/vlcoszelf{,ldﬂ:/3U1c03261f‘1’p§dﬂ:47Tf‘fpr1.
1
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eq. (3.57) yields for the magnitude of the momentum

pi =/pi- P = [(p— ymUey) - (p — ymUpe,)]"?
=p(1-2U/vcosb + (Ui/v)z)l/2 (3.78)
= p(1 — Uy/vcos B) + O ((Ui/v)?) ,
where p = ymv, without the subscript i, is the magnitude of the momentum
in the shock rest frame. The last line shows the truncated Taylor series of p; in
U;/v. The transformation of the momentum variables also changes the angles
6;, namely
cos6; = p; - ex/p; = (p — ymUey) - ex/p;
_ cos @ — U;/v
(1 —-2U;/vcos 6 + (Ui/v)z)l/2
= cos6 — (1 — cos? O)U;/v + O ((U;/v)?) .
To match the distribution functions f;(x, p;, 6;) and f,(p,) in the up- and
downstream at the shock wave, we use the general expression for the distribution
functions given in eq. (3.63) and the formulae of eq. (3.78) and (3.79) to express

p; and 6; in terms of p and 6. We then Taylor expand in U;/v and evaluate the
distribution functions at x = 0. This gives

£1(0,p,0) = Cy (pi(p, 0)) + cos (6:1(6)) 111 (0, p1(p, 0))

_ Gy
= Ci(p) — peos6 -t

2
+ (cos 6 — (1 — cos? 9)%) (ﬁ{l(o, p) — pcosf af;l %) +0 (ﬂ)

(3.79)

V2

2
- cl<p>—cose(p%—ilﬂ—ﬁl<o p>)+o(U )

=C1(p)—cose( aaf;Ul +2,0,p)°0L O L, p)>+(9<U2) (3.80)

where we took advantage of the fact that fi!;(x, p;) is of the order O(U;/v, 1)
and used eq. (3.70). An analogue computation for the downstream distribution
function yields
B 0A, U, 05
f(p) = Ay(p) — pcos b 3p + O( 02 |- (3.81)
Because of the continuity of the distribution function in the rest frame of

the shock, f(0, p) = £1(0, p) = £,(p) and equating the coefficients leads to the
following two matching conditions

A(p) == Ci(p) = Ax(p), (3.82)
9A(p) Ul 5f1 _ OA(p) U,
o + 2,(0, ) =P, T (3.83)
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where we introduced the phase-space number density A(p) and note that it is
the isotropic part of the distribution function. Equation (3.82) can be interpreted
as a confirmation of the requirement that the number of particles with a specific
momentum must not change, i.e. the isotropic part of the distribution function
must be continuous, across the shock if the momentum variables are defined in
the same reference frame. Equation (3.83) states that the particle number flux
is continuous across the shock. This flux is called the particle streaming. (Drury,
1983, cf. eq. 2.39 and 2.40)

If we plug into eq. (3.83) the value of the derivative of the isotropic part f;,
as given in eq. (3.75), at x = 0, then eq. (3.83) becomes an ordinary differential
equation that determines A(p), namely

dA
Lo - U gy + UGiA(p) =0. (3.84)
Separation of variables yields
A(p) — Cp—3U1/(U1—U2) — Cp—3r/(r—1)_ (3.85)

Drury (1983, Sec. 3.2) solves the time-dependent cosmic-ray transport equa-
tion (3.71) for a constant, isotropic and monoenergetic injection of particles with
momentum py,; at the shock front. He finds that in the limit ¢ — oo the value
of the isotropic part of the distribution function at the injection momentum
is A(pinj) = 3Q/(U; — U,)pinj» Where Q is the constant rate at which particles
are injected, see Drury (1983, eq. 3.25) This result provides us with a initial
condition that determines the constant of integration C, i.e.

—3r/r—1
Q 3r ( p )
Alp)= ———|— 3.86

2 UrDinj 7 — 1 \ Dinj ( )

The energy spectrum of the charged particles is given by

47[Q 3}" <L>—3V/(V—l)+2
Ui Dinj (r — 1) \ Pinj

% = /f(O, p)p*dQ = 47A(p)p* = . (3.87)
Assuming a compression ratio of r = 4 and using that for highly relativistic
particles E ~ pc, we recover what we derived in Sec. 3.1.2, namely that the
spectral index of the energetic particles at the shock is dN/dE « E~2, see

eq. (3.13).

**Eq. 3.25 differs by the factor 1/p;,;. There is a typo in eq. 3.22: the factor 1/p;,; is missing,
the solution to eq. 3.21 has to include it. Also see Kirk (1994, eq. 126).



CHAPTER 4

THE CARTESIAN TENSOR AND THE SPHERICAL
HARMONIC EXPANSION

The acceleration of particles at a parallel shock is an example of the transport
of charged particles in tenuous astrophysical plasmas. The semi-relativistic
VFP equation (3.60) is a much more general transport equation and such ap-
plicable to a wide range of physical scenarios. However, the fact that the single
particle distribution function f depends on six variables plus time, namely x
and p, renders a naive application of numerical algorithms to solve the PDE
computationally infeasible. The dimensionality of the distribution function and,
thus, the computational cost can be reduced when we separate out the angular
dependence of the momentum variable as we did in the diffusion approximation,
see eq. (3.63). Concretely, we are looking for an expansion of f that has the
following general form

e

f(t.x,1pl. 6,9) = 3, it x, |p)gi(6: 9).
i=0

where the functions g; are known. From this perspective the diffusion approx-
imation is a series of the above kind that is truncated after the first four terms
with the additional assumption that the expansion coefficient ¢; with i > 0 are
small compared to c,. If the semi-relativistic VFP equation is used to model
more generic scenarios, it is necessary to go beyond the diffusion approximation,
i.e. to include more terms of the series and to not restrict the magnitude of the
expansion coefficients c;. Notice that replacing f with the suggested expansion
implies that we have to numerically compute multiple expansion coefficients c;
instead of f, though they only depend on four variables plus time.

Two expansions have been widely used, firstly, the Cartesian tensor expan-
sion and, secondly, the spherical harmonic expansion. Both are known from the
multipole expansion of an electrostatic (or gravitational) potential. This is also
the reason for calling the anisotropy of the distribution function in the diffusion
approximation the dipole anisotropy. Generalising the diffusion approximation
in this sense gives

© ! i1... pi
f.x,p)= 3 ED (1%, |p|>%, (4.1)
=0 14
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where p!, p? and p? are the components of p, cf. Epperlein and Haines (1986),
Johnston (1960), Shkarofsky et al. (1966) and Thomas et al. (2012). The objects
FO are called Cartesian tensors and their components Fifl.)..il are the expansion
coefficients. Note that we are implicitly summing over all repeated indices

and that the tensor Fi(l) is the dipole anisotropy and Figz) may be referred to as
the quadrupole anisotropy. Moreover, the product of the components of p can
be considered a (Cartesian) tensor, namely @ p()-i1 it := pi1 ... pit. Hence the
summation over repeated indices may be seen as a contraction of two tensors
(formerly called a Cartesian tensor scalar product, see Johnston, 1960). Bearing
in mind that we use spherical coordinates in momentum space, dividing this
tensor by | p|l gives an expression that only depends on 6 and ¢.!

The spherical harmonic expansion of f is

00 1

fGx,p) =2, D, "% |pDY"(6,9), (4.2)
I=0 m=-1

cf., for example, Allis (1956), Bell et al. (2006), Reville and Bell (2013) and

Tzoufras et al. (2013). The function Y;" is a (Laplace’s) spherical harmonic of

degree | and order m, i.e.

/ —m)! . .
Y"(6, ) = 21 4-:[ ! %Bm(cos 0)e!™? .= N/"B™(cos 0)e'™¥.  (4.3)

N/™ is the normalisation and the functions B are the associated Legendre poly-
nomials, see Jackson (1998, p. 108, eq. 3.53).

Both expansions can be substituted into the semi-relativistic VFP equation
to derive a system of equations for the expansion coefficients Flgl) j, and
fi™*. In the next chapter, we introduce a novel method to do this for the spher-
ical harmonic expansion. In this chapter we explore the relation between the
Cartesian tensor and spherical harmonic expansion and, on the way, we acquaint
ourselves with the vector space structure of the set of spherical harmonics. We
note that a large part of the chapter’s content is a re-print of Schween and Reville
(2022b).

Because both expansions of f represent the same distribution function, there
must exist a relation between their expansion coefficients Fl?) i and fi", see
Courant and Hilbert (1989). Johnston (1960) investigated this relation and
derived a way to express the components of the Cartesian tensors Flil)

.y asasum

of the f;"'s for values of | < 4. We revisit the problem of relating Fi(l)'il and f;"

Lol
and derive general formulae for converting between them (in both directions).

In this chapter we use the more explicit |p| instead of p to denote the magnitude of the
momentum, because working with expressions of the form p ... pit/ |p|l may make it more
difficult to discriminate between the cases in which we refer to a particular component of p and
the ones in which we mean a power of |p|.
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At the heart of our derivation are two ideas: Firstly, the problem is also
familiar in multipole expansions of an electrostatic (or gravitational) potential.
In this context the coefficients of the Cartesian tensor expansion of the potential
are called (Cartesian) multipole moments, i.e. monopole, dipole, quadrupole
and high-order moments, and the ones of the spherical harmonic expansion
are called spherical multipole moments. Secondly, we interpret the spherical
harmonic expansion, as presented in eq. (4.2), as a linear combination of basis
vectors that represents a function f. The function then is an element of the
vector space of spherical harmonics

8 :=span{YQ, Y1, Y2, v; 7L, ... }.

This perspective suggests that the Cartesian tensor expansion is a represent-
ation of f in a different basis of 8. This in turn implies that the relation between
the expansion coefficients can be given as a basis transformation.

Both ideas gain plausibility in a direct comparison of the respective expan-
sions, i.e.

! xll 4 !
Ameod(x) = Zl,o“ TRy Z Z zml RACE)

f(t.x,p) = Z RO (t.x, |p|)— Z Z £t x, 1 pDY"™(6, 9).
1=0 Ipl' =0 m=-1

If we set |x| = 1 and include the factor 1/I! and 47/(2l + 1) in the definition
of Q® and q;" respectively, then the expansions of the potential ¢ can be inter-
preted as linear combinations of functions that are defined on the sphere, in
particular, 47eo¢p = ) G"Y/™, where §]" := 47/(2l + 1)q;". The same is true of
the expansions of the single particle distribution function f, if we evaluate f
at a fix but arbitrary triple ¢, X, and |p|,,. This implies, firstly, that the relation
between the Cartesian and spherical multipole moments is the same as the
relation between the expansion coefficients Fiil.)..i, and f;""* and, secondly, varying
the magnitude of x or the values of the triple ¢,, X, and | p|, changes the function
¢ or f respectively, but it does not change the relation between the coefficients
of the linear combinations representing them.

In this chapter we derive a way to convert between the Cartesian multipole
moments and the spherical multipole moments and, subsequently, apply it to

convert between F( ) iy and ™. While the equivalence of the two multipole
moments is long known, e.g. Courant and Hilbert (1989, p. 517), systematic
methods that relate them are not readily found in the literature.

Notice that we decided to work with the multipole moments, because it is
possible to define them explicitly whereas the expansion coefficients Figl_)__il and
fi™ are solutions to systems of PDEs. Furthermore, multipole moments play an
important role in multiple branches of physics, such as general relativity (Thorne,

1980), molecular physics (Cipriani & Silvi, 1982), plasma physics (Epperlein
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& Haines, 1986; Johnston, 1960) and other areas like computational physics
(Ludwig, 1991) and we hope that this fact broadens the applicability of the
derived formulae for the relation between the expansion coefficients of the
Cartesian tensor and spherical harmonic expansion.

We implemented the new way to convert between the Cartesian and spher-
ical multipole moments in a free and open-source command-line tool called
multipole-conv (Schween & Reville, 2022a).

4.1 DEFINITION OF THE MULTIPOLE MOMENTS

In electrodynamics (or equivalently, on exchanging constants, in gravitational
theory), the multipole expansion is an expansion of the solution to Poisson’s
equation, namely

p(x) d3x/ .

4meyp(x) = X — x|

4.4)

Either the denominator of the integrand is Taylor expanded in x'/x or it is inter-
preted as the generating function of the Legendre Polynomials. The former leads
to the (Cartesian) multipole expansion with the Cartesian multipole moments
and the latter to the spherical multipole expansion with the spherical multipole
moments.

In the first part of this section we derive a new definition of the Cartesian
multipole moments that is based on the Kelvin transform. The second part
dedicates itself to the spherical multipole expansion and we present the standard
definition of the spherical multipole moments.

4.1.1 DEFINITION OF THE CARTESIAN MULTIPOLE MOMENTS

In textbooks (e.g. Jackson, 1998, p. 146) no general definition of the Cartesian
multipole moments is given. Instead the Taylor expansion of the denominator
in the integrand of eq. (4.4) is computed up to, for example, second order, i.e.

1 _ - (_1)l ’ 11 _ 1 1 1 1iy1 j 1
- ;) (V) Sl %; o T 8;0; ] (4.5)
In that case the potential is
! 34,/ 1 IN<? A3t xi
47T€0¢(x) = P(x ) d°x m + ,o(x )xi d>x W
X

1 Nt 43, (3xxd — x28U)

— x)xix! PP ————— 2 4 ...
+ / p(x")xlx] = +
It is common to interchange the primed and unprimed components. Consider,

for example, the second order term, i.e.

xtxd

1 ! 1 ’ !
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where we used that |x|* & ”x = |x’' | 8;jx ixJ. This transforms the potential

into

j
Ameyp(x) = 4 +di— + = Qljxx e

x| |x| el?
with the usual definitions of the monopole and the dipole. The components of
the quadrupole moment are defined as

Q; f o(x)Bx(x] — ¥ 8, dox

Hence, a general method to define the components of the Cartesian multipole
moment of an arbitrary order I consists in taking [ partial derivatives of 1/ |x|
and interchanging the components of x and x’ as in the above example. But
note that the interchange did not change the (functional) form of the numerator
of 99,1/ |x|, it merely replaced the components of x with the components of
x'. This implies that we could alternatively have obtained the expression in
parenthesis in the quadrupole moment’s definition by computing 6;6;1/ |x’| and
“removing” the denominator. The outlined idea leads to our definition of the
components of the Cartesian multipole moment of rank I, namely

Qitliy = f p(x')ﬂc[(—nla{ |
Xl (4.6)
= [ om0 v

We call the functions M;, ...;, multipole functions. The indices reflect that the
functions are different for different partial derivatives.
Here the calligraphic X denotes the Kelvin transform that is defined as

KU 160) == |x|f(| > ) (47)

see Axler et al. (2001, p. 61). An application of the definition given in eq. (4.6)
for [ = 2 recovers the quadrupole moment and demonstrates in which sense the
Kelvin transform removes the denominator. With this definition at hand, the
(Cartesian) multipole expansion is

xil xil

dreop(x) = Z ro e (4-8)

Of course, the ﬁrst three multipole moments are the monopole Q©® = g, the
dipole moment Q = d; and the quadrupole moment Q = Qyj-

We show now that the definition in eq. (4.6) gives the known Cartesian
multipole moments for an arbitrary rank I. The definition is correct if, as in the
example of the quadrupole moment, for all I the interchange of x and x’ does
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not change the form of the numerator of the I-th partial derivative of 1/ |x| and
if the Kelvin transform removes its denominator |x|21+1.

A sufficient condition for the Kelvin transform to remove the denominator
is that the numerator of the I-th partial derivative of 1/ |x| is a homogeneous
polynomial. We say that a polynomial p of degree [ is homogeneous if and only
if

p(Ax) = Ap(x) forall 1 € R. (4.9)

That this is a sufficient condition can be seen by noting that

M(l)
1 ig-e-i (x)
1 17
(_1) ail aizﬁ HT , (4,10)

where Mi(ll.)..il is an as yet undetermined function (the above equality can be
proven by induction). Moreover, Axler et al. (2001, cf. Lemma 5.15 on p. 86)
show that Mi(ll?__il is a homogeneous polynomial of degree I. Taking the Kelvin
transform then yields

0]
MO (%)
= P = =P @),

!
K|(-1) ail ... 0 |x|21+1 ipee

1
x|

which shows that it suffices that Mi(ll?,_il is a homogeneous polynomial to re-
move the denominator and that the undetermined functions are the multipole
functions.

In the example of the quadrupole term, the interchange of x and x’ did not
change the (functional) form of Mi(f) because this form was “somehow” special.
We now know that the multipole functions are homogeneous polynomials. We

can further restrict their form. If we keep in mind that Mi(ll?--i[ is the numerator
of g(x) == 9;, --- J;,(1/ |x|), the following two considerations fix its form:

Firstly, the form of the function g does not change if it is defined in a rotated
coordinate system. Assume that the relation between the rotated coordinates
X and the original coordinates x is X = Rx. The former statement means
that g(x) = g(x) where g(x) = 51'1 5il(1/ |X]). A comparison of g’s and §’s
definitions proves this. This restricts the form of the numerator of g, as the
following example for [ = 2 illustrates

U ~a 1 1
§(x) = 90, i (R)ikak(R)jlalm = (R);*(R);

2
13xx; — |x|” 6y
5
x|

— X lj R
= T = g(%),

where we used that |£| = |x| and V = RV. Note to fulfil the condition g(x) =
g(x), the rotation matrices must either transform a component of x or they must



102 CHAPTER 4. CARTESIAN TENSOR AND SPHERICAL HARMONIC EXPANSION

be multiplied with each other, i.e. (R);*(R);!6); = (R);*(R"); = &;;. Hence, all
the terms of Mi(ll?--i, must be products of components of x and Kronecker deltas
to “cope” with the rotation matrices.

Secondly, the exchange of any two of the indices in g’s definition does not
change its numerator, because it is possible to exchange the partial derivatives
with each other (Schwarz’s theorem). Hence, the object Mi(ll?--il is symmetric in
all its indices. This implies that a sum of the mentioned products of components
of x and Kronecker deltas is needed. For example, consider the [ = 3 case

3

(3) _ 2
M k = C3,0XiXjXk +C31 |X| (xl-cijk + xjéik + xkdij) ,

ij
where c; o, 31 € Rare coefficients. Note that the sum is over pairs of indices and
that this guarantees that any two of the indices can be exchanged without chan-

ging MI(JS,Z The factor |x|2 reflects that Ml(;,z must be a homogeneous polynomial

of degree three.
We summarise: The fact that Mi(ll?_,il is a homogeneous polynomial of degree
[, that can be invariably defined in a rotated coordinate system and that is
symmetric in its indices implies that its functional form must be
[1/2]
Mi(ll?..il =k e Ry (4.11)
k=0

where |1/2] is the floor function and where we introduced

Rl,2k = p(5 5

iniy """ Olgge_yiakXige1 ™ xil) :

The operator P produces the sum over the pairs of indices needed to assure
symmetry (cf. with the previous example). This operator hides a lot of the com-
plexity, but is explained in detail in Appendix|A.1.2. A closed-form expression
for the coefficients c;  is derived in Appendixm Similar arguments are used
by Efimov (1979, p. 426) to fix the functional form of the multipole functions.

This is the “somehow” special (functional) form of the multipole functions
which permits that the interchange of x and x’ does not change their form but
only replaces the components of x with the components of x’. To see this notice
that, in the light of eq. and eq. (4.11), a term in the Taylor expansion of
eq. (4.5) of arbitrary order [ contains

2k 11 11D
|| X xTP (5i1i2 aizk—lizkxi2k+1 xil) )

Using that the exponent of |x|2k is even and remembering that Ix|* 8 ijx{xjf =

|x'|> 8;;x'x7, we can replace the components of x and x'.

We conclude that the definition of the Cartesian multipole moments, given
in eq. QR[), is correct. Eventually, we remark that this definition allows to
directly prove that the Q) are tensors, i.e. they transform as required under
coordinate transformations, see Appendix A.1.1|
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Before we close this section, we emphasise that the multipole functions
Mi(ll?“il are harmonic functions, i.e.

0)
AM;Y =0,

This is also proven in (the already quoted) Lemma 5.15 in Axler et al. (2001, p.
86). Moreover, we denote the space of homogeneous and harmonic polynomials
of degree I (in three variables) with F!(R?).

In what follows, it will prove convenient to use a different notation for the
indices of MO, namely

1
MY, = (—1)1(3,25;‘3@;m withp+q+r=1. (4.12)

This notation implicitly takes advantage of the symmetry, cf. Johnston (1960,

eq. 5a). For example, Mﬁ; = Mﬁ’{ in the Mi(ll_)__il notation and both components

are MSE, in the newly introduced pgr-notation.
And last, but not least Axler et al. (2001, p. 92) show in Theorem 5.25 that

HY(R3) = span{Ml()gr |p<landp+q+r= l} . (4.13)
In words, the functions M[(>2r are homogeneous and harmonic polynomials of
degree [ and a subset of them is a basis of the space of these polynomials. We
call this subset the multipole basis functions. We note that restricting the domain
of the harmonic and homogeneous polynomials to the unit sphere yields the

space of spherical harmonics of degree , i.e. #(S?), see Definition 1 in Miiller
(1966).

4.1.2 DEFINITION OF THE SPHERICAL MULTIPOLE MOMENTS

After introducing a new definition of the Cartesian multipole moments, we turn
our attention to the standard definition of the spherical multipole moments.
Instead of Taylor expanding the denominator of the integrand in eq. (4.4), we
interpret it as the generating function of the Legendre polynomials, i.e

1 S W
peri ZZ(:) Wﬂ(cos a), (4.14)

where « is the angle between x and x’, see Jackson (1998, p. 102, eq. 3.38). To-
gether with the addition theorem for Laplace’s spherical harmonics (cf. Jackson,
1998, p. 110, eq. 3.62), which is

l

47 ¥, mr
R(cosa) = T Z "o, )"0, 9), (4.15)
1

m=—
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we obtain the spherical multipole expansion
!
4meo(x) = Z Z 2l +1| |21+1| | Y"(6,9). (4.16)

The function |x|l Y™ (6, ¢) is called a solid harmonic of degree | and order m.
Furthermore, the coefficients q;" are called spherical multipole moments and
Jackson (1998, eq. 4.3) defines them as

qr" = f P X' Y6, ') P (4.17)

The solid harmonics are homogeneous polynomials of degree I. This can be
seen by using the following definition of the associated Legendre polynomials

dm
m — (1M i
B™(cos0) = (—1)™sin G—d o5 emE(cos 9), (4.18)

see Jackson (cf. 1998, p. 108, eq. 3.49). Then, the solid harmonics with order
greater than or equal to zero (m > 0) are

x| "6, )

=(-1D)"N"|x |l " d B ———(|x[sinOcos ¢ + i|x|sin O sin )™

l%’"J
= (=)"N" Y ag X 2 e+ i)™

k=0
= p(x). (4.19)

The a; € R are coefficients that collect the numerical factors. In the second
equation we expressed the spherical coordinates in Cartesian coordinates and
exploited that the m-th derivative of a degree [ polynomial yields a degree [ — m
polynomial. The Legendre polynomials, in particular, consist of either odd or
even powers of cos 0. It can be checked that the definition of a homogeneous
polynomial of degree [, that was given in eq. (4.9), applies to p as defined in
eq. (4.19). The argument holds true for negative m as well. In this case (x +iy)™
becomes (x — iy)™.

Furthermore, the solid harmonics (as their name suggests) are harmonic
functions. In spherical coordinates the Laplace operator can be split into a radial
part and an angular part, i.e. A = Ay + 4g ,,/ |x|2 and the spherical harmonics
are eigenfunctions of the angular part, i.e.

Qg Y™ = =11+ DY, (4.20)
see Landau and Lifshitz (1977, p. 91, eq. 28.7 ). Hence,

1 1 —
Alxl'ym) = Ym<a|x| x| + 5|x| |x|)+|x| 2 A oY

|x|

-2 v m -2 ym
=10+ D 2R - 10+ D Y,
=0.
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We conclude this section by proving that the solid harmonics are also a basis
of the space of homogeneous and harmonic polynomials of degree [, namely

HUR?) = spanflx|' ;" | -l <m <1} . (4.21)

We proceed in two steps: First, we determine the dimension of #(R3) and,
secondly, we show that the solid harmonics are independent. The dimension
of #!(R?) is 21 + 1. This can be derived in different ways, for example, as in
Miiller (1966, p. 11, eq. 11) or, alternatively, as done in Axler et al. (2001, p.
78, Proposition 5.8). Notice there are exactly 21 + 1 solid harmonics of degree L.
The linear independence follows from the orthogonality of spherical harmonics,
namely

ml
(%

52
e (4.22)
= / / Yl’;n Ylm sin 6d6 qu = 5l’lam’m ,
0 0

where S? is the unit sphere, i.e. S? := {x € R? | |x| = 1}, see Jackson (1998, p.
108, eqg. 3.55). Hence the solid harmonics of degree [ are a basis of the space of
homogeneous and harmonic polynomials of degree I.

We gave explicit definitions of the Cartesian multipole moments and the
spherical multipole moments. Both definitions contain homogeneous and har-
monic polynomials: The multipole functions M§,2r in the former case, solid
harmonics rlYlm in the latter. Moreover, a subset of the functions Ml(,gr, namely
the multipole basis functions, are a basis of #{(R3). The same is true of the
solid harmonics. Thus, the relation between the Cartesian multipole moments
and spherical multipole moments can be formalised as a basis transformation
between the solid harmonics and the multipole basis functions. In the next
section we introduce Efimov’s ladder operator to derive the basis transformation.

4.2 EFIMOV’S LADDER OPERATOR

In this section we present an alternative definition of the Cartesian multipole
moments and we show that this definition is equivalent to the one we intro-
duced in Sec. (4.1.1). Thereby we prove the correctness of our definition in
a more rigorous fashion. The reason to introduce a second definition is that
mathematical results about both definitions play a role in our derivation of the
relation between the expansion coefficients.

4.2.1 AN ALTERNATIVE DEFINITION OF THE CARTESIAN MULTIPOLE
MOMENTS

Efimov (1979) gives an alternative definition of the Cartesian multipole mo-
ments. To derive it, he multiplies the Taylor expansion given eq. (4.5) with |x|,
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which yields
oo l
Z| | (—x V) 1 _ Z M() l[(x) ..x’il
= & |

Taking advantage of the fact that the functions Ml(ll) i, are homogeneous poly-
nomials of degree  and setting % = x/|x|*, leads to the equivalent equation

= 1 —x’ V)l . 1.0 o\ ,
il = z MW L x!
=E e || ] L (X)x X

Because the terms on both sides of the equation are sums of homogeneous
polynomials of the same degrees, one finds

1
(—1)lm

Notice that the derivatives on the left-hand side of the equation are taken with
respect to x (and not X). We may rewrite the above to get a convenient grouping

o - V| = MY (F)xh - X' (4.23)

[ times

(D) (' V) 7] (- V) [ -

B (- V) [

|%| %]
=f(®)
= (DM (25,895, — |%° 6, + %;) f().

The expression in parenthesis is Efimov’s ladder operator. We define
D; == (2x;x76; — |x[* 6; + x;) (4.24)
and using this definition I times turns eq. (4.23) into
(' - DY(%) = M{?., (B - 1.

Here 1(x) = 1 is a constant function. This implies an alternative definition of
the multipole functions

M., (x) = Dy, - Dy1(x). (4.25)

11

Hence, we can also use Efimov’s ladder operator to define the Cartesian multi-
pole moments, i.e.

Q0 = / p(¥)D}, -+ D 1(x") dx’. (4.26)

At the end of this section, we note that Efimov’s ladder operators commute,
i.e.
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This must be the case, because Mi(ll?,_il is symmetric. Moreover,
D,D; = |x|*4.
An immediate consequence of these two equations is that
M® 0. (4.28)

We say that the object Mi(ll?--i, is traceless, i.e. the contraction of two arbitrary
indices is zero, see Efimov (1979, eq. 1.5 - 1.7). This property is carried over to
the Cartesian multipole moments. Thus, the Cartesian multipole moments Q)
are symmetric and traceless tensors of rank [.

4.2.2 EQUIVALENCE OF THE DEFINITIONS

We explicitly prove that the two definitions of the multipole functions are equi-
valent, i.e.

1
! —
IJC[(—I) 9, "'aizﬁ] D; .- Dy 1.
The first step consists in showing that

1
7([(—1)16,.1 aiz|71|] =[] (@l-(@k-1)x; —x%;,)1. (4.29)
k=1

This can be proven by induction. A quick computation shows that the statement
holds true for the base case [ = 1. From eq. (4.10), and noting that X[X[ f]] = f,
it follows that

D
1 D Mil...i (x)
1 _ _ 1
(=1 Oy =K M) | ) = i
Taking the derivative with respect to x; yields
1 _ (=D 2 0
30;, - T (@L+ D — |xI*6) M;). i (%)

Note that acting with the expression in parenthesis on Mi(ll?“il gives a homogen-
eous polynomial of degree [ + 1. We again take the Kelvin transform to remove
1/ |x|21+3 and use the induction hypothesis to see that

1
x| -1*13, -8y |

= (@1 + Dy =[x ) [P, (%)
1

= (@ +1)x - %) [ ] (@ - @k—1)x;, — x>, )1
k=1

=TT (- @k=1)x;, — x> 3,)1,

1
=0
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where we in the last line relabelled the index j — iy. Shifting the index of the
product by one yields the conclusion.

In a second step, we prove that each factor in the product in eq. (4.29) is
equivalent to Efimov’s ladder operator. We choose an arbitrary factor with index
k equal to n and express the right-hand side of eq. (4.29) as

(@1 = Dxyy = 161 8;,) x -+ x (20 = m)xy, — %I Gy, + x3, ) MEL ™, (%), (430)

lnt1-

where we used that

l

(2l =2k —1)x;, — |x|*3;, )1
IT ( 5 )

k=n+1
l-n
=[] (@t-n) - @k-D)x,,, - xd,,)1
k=1
= Ml(rl;ln)ll(x) .

To show that the factor in eq. (4.30) corresponding to the index k = nand D;,
are equivalent, we have to prove that

2(l - n)xlnM(l_n) .l = lenxmamM(l_n) PR

nt1e-el n+1°:+

This equality holds because the function u := Ml('ll_"l)l is a homogeneous poly-

nomial of degree | — n. Note that every homogeneous polynomial of an arbit-
rary degree [ can be written as a linear combination of monomials x/! --- xJt,
ie. p(x) = aj,... jlle .- xJ1, where « is a collection of coefficients. There are
(I+2)(1+1)/2 different monomials. If the object « is symmetric in all its indices,
it contains an equal amount of independent coefficients. Thus, there exists a
symmetric a such that u(x) = ;,...;,_ xJ1 --- xJi-n. This implies that

XM (%) = X ..., Oy (X1 -+ XJ1on) = (I = n)x™aty,...j,_ St -+ xJ1n

= (- n)a,. X xien = (1= nu(x).

~Jl-n
In the second line we used that « is symmetric. Since n was arbitrary, we con-
clude that all factors in the product in eq. (4.29) are equivalent to a corresponding
component of the ladder operator D. Before we end this section, we use the
alternative definition of the Cartesian multipole moments (and the multipole
functions) to learn more about them.

We take advantage of the previous computation to make a statement about
the Cartesian mutlipole expansion: We just stated that a homogeneous poly-
nomial of degree | can be written as a linear combination of monomials with
the help of a symmetric collection of coefficients a. Moreover, it can be shown
that if the polynomial is also harmonic, « must be traceless (see Jeevanjee,
2011, ex.3.26). At the end of Sec. we showed that the Cartesian multipole
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moments are traceless, hence not only the multipole functions Mi(ll?--il are ho-
mogeneous and harmonic polynomials but also the functions in the Cartesian
multipole expansion, namely

Q(l) il . xil .

are homogeneous and harmonic polynomials of degree L.

4.2.3 PRELIMINARY BASIS TRANSFORMATION

We showed that the definitions of the Cartesian multipole moments and the
spherical multipole moments are based on homogeneous and harmonic polyno-
mials, namely the Cartesian multipole moments use the multipole functions
and the spherical harmonics use the solid harmonics. With the tools derived up
to now, we are in a position to relate the two multipole moments. This can be
done by expressing the solid harmonics as a sum of multipole functions Ml(ll) i

We start again with the denominator of the integrand in eq. (4.4) and fix x’
to be the unit vector pointing into the z-direction. This leads to

(e, V'1 _ ¢
Z &

1
xlmﬁ(cos 0),

where we used the Taylor expansion given in eq. for the left-hand side and
eq. (4.14) for the right-hand side. Since x’ = e,, the angle « is the polar angle 6.
In a next step, we take the Kelvin transform of the above equation, i.e.

= 1 1 - 1 ]
—JC[ -1 la;—] = » KX|—— |x|"B(cosb
l;) x| (=1 ] ;) o |x|" B(cos 6)

Notice that the Kelvin transform is linear, i.e. X[f + 1g] = X[f] + AX[g], see
eq. (4.7). We now use that N? |x|' B = |x|' ¥;°. Furthermore, since a solid har-
monic of degree | is a homogeneous polynomial of degree [, the Kelvin transform
removes the denominator |x|21Jr1 of the right-hand side, cf. Section @ To-
gether with the equivalence of the Kelvin transform of the partial derivatives of
1/ |x| and Efimov’s ladder operator, we obtain the equivalent statement

D x|' B(cos 6) = > %(ez -D)1.
1=0 I=0

Since all term on both sides of above’s equation are polynomials of increasing

degree [, the equation implies that
21 + 1. a
( e, D)1 = \ / Mggl. (4.31)

Compare with Efimov (1979, p. 428, eq. 2.9) and notice that we use the notation
introduced in eq. (4.12)) for the indices of the multipole functions.

x' v =



110 CHAPTER 4. CARTESIAN TENSOR AND SPHERICAL HARMONIC EXPANSION

To express a solid harmonic of order m greater than zero as a sum of mul-
tipole functions, we use that the spherical harmonics Y, are the common
eigenfunctions of the square of the angular momentum operator (known from
Quantum Mechanics) and one of its components. The angular momentum
operator is defined as

L:=—ix XV, (4.32)

see Landau and Lifshitz (cf. 1977, p. 83, eq. 26.2). We are particularly interested
in the angular momentum ladder operator, i.e.
L, =L, +iL, = —i(yd, — 29, +i(zd, — x9,))

. 4.33
= e*1% (£ + icot6d,,) . (4.33)

The last line shows the ladder operators in spherical coordinates, see Landau
and Lifshitz (1977, p. 85, eq. 26.15). The ladder operators are used to increase
(or decrease) the order m of a spherical harmonic, e.g.

Y™ = ((+m)I—m+1)" 2Ly, (4.34)

see Landau and Lifshitz (1977, p. 89, eq. 27.12). We can apply this operator m
times to eq. (4.31) and we get

(I —m)!
(I+ m)!

'Y = | S T DL (439)

x| Y™ =

where we used the fact that L, does not contain a derivative with respect to
|x| as can be seen in eq. (4.33). We can compute the commutator of L, and D,.
This yields
[Ly,D;] = —(Dy +1iDy) . (4.36)
This computation is done in detail in Appendix|A.2!
One can prove by induction that

I

DLl = (-1)™ T=m

D, ™(D, +iD,)™1. (4.37)

For the base case m = 1 we find
L,D.1 = (D,L; — (D, +iD,)) D511
I
(I-1)!

where we repeatedly used the commutator given in eq. (4.36) and that Efimov’s
ladder operators commute, see eq. (4.27). The last equality is a consequence of

=D,L,1— DY (D, +iDy)1 = — D (D, +iDy)1,
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L,1 = 0. The induction step, L, I D1, repeats the above computation, i.e.

I

L, I"DL1 = (—1)"'( -

Ly DS ™(Dy +iD)™1
= (-1 )m(l _'m),
% (Dlz—mL+(Dx +iD,)™1 — (1 — m)D5 "™ (D, +iD )m+11)
I
(I—(m+ 1))

Notice that L, (D, + iD,)™ = L,DP*"™(D, + iD,)"™ « |x|'L, Y, = 0, due to
the induction hypothesis, formulated in eq.(4.37), and eq. (4.35).

Having proved that eq. (4.37) holds true, we substitute it into the previously
derived expression for |x|l Y™, i.e. into eq. (4.35). This yields the final result of
this section: the preliminary basis transformation, namely

— (_1)m+1 Dl (m+1)(D +iD )m+1

%' Y = "D ™(D,, +iD,)™1

—amzlm p( )Dp Dy DL
_ 0
=a Z PP ( )Mp(m p)(1—m) -

Here m > 0 and we used the notation of eq. (4.12) for the indices of the multipole
functions. The factor is

mo_ o m 2141 1
a" = (=1) \/ 4 (IL+m)(l —m)!”

We called this expression for the solid harmonics a preliminary basis transform-
ation, because the sum on the right-hand side of eq. (4.38) contains multipole
functions with p > 1, which are not multipole basis functions. The solid har-
monics with negative order m are obtained with the help of Y;™ = (=1)"Y;"™",
see Jackson (1998, p. 146, eq. 4.3, 4.7). Efimov (1979, p. 429, eq. 2.10) derived
eq. (4.38) with similar arguments.

The preliminary basis transformation already allows us to express the spher-
ical multipole moments in terms of the Cartesian multipole moments. We can
take the complex conjugate of eq. (4.38) and plug it into the definition of the
spherical multipole moments as given in eq. (4.17). This results in

_ o®
q"=a Z( —iy"P ( ) p(m—p)(l—m) -

In his textbook Classical Electrodynamics, Jackson (1998, p. 146) gives the
formulae for the the spherical multipole moments with degree [ = 0,1 and 2.

(4.38)
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The above formula allows a computation for arbitrary [ and m. For example,
g==2/L (iQ(3) ~30% _3i0®) + Q(s))
3% 574\ 57 (K030 120 210 T (300

1 7 (.. 3 . (3 3
=54V 571 (1 gz)z - 3Q§2% - 31Q§1% + lei) .

In the last equation we switched from the pgr-notation to conventional tensor
indices, namely Ql(jlz

4.3 BASIS TRANSFORMATION

As already pointed out, we called the expression derived in eq. (4.38) a prelim-
inary basis transformation, because the sum on the right-hand side contained
multipole functions with index p > 1. But only the multipole functions with
p < 1 are a basis of the space of homogeneous and harmonic polynomials of
degree 1, see eq. (4.13). To turn eq. (4.38) into an actual basis transformation we
have to express all M,(Jgr with p > 1 as a linear combination of the multipole
basis functions.

We can accomplish this by exploiting that the object Ml-(ll?“il is symmetric
and traceless, cf. eq. (4.28). Using the pgr-notation, which we introduced in
eq. (4.12), the tracelessness of M is expressed as

0] ) 0 _
Mpgr + My_ayga2yr T Mip-2)q(re2) = 0> (4.39)

with p > 1 and, by definition, p + q + r = . This becomes plausible, when an
example is considered, e.g. | =5and p =2,q=1and r = 2,

3
5) 5 5 5 5 5) 5)
0= M§12 + M(()3)2 + M(()1)4 = M§1)233 + M§2)233 + M§3233 = ZMi(i233 .
i=1

Note that we used the symmetry of Mi(ll?,,il. An immediate consequence of
eq. (4.39) is that we can express a multipole function with index p > 1 as a sum
of multipole functions with index p — 2. These, in turn, can again be expressed
as a sum of multipole functions with index p — 4. Depending on whether p is
even or odd, this chain ends when p = 0 or p = 1. This computation can be
represented in the form of Pascal’s triangle, see Fig. @, or, more compactly, in
the following formula

2] |2\ (MDD, p is even
Mg()lc;r = (=1l Z (lf{J){ Ol(q+p 2k)(r+2k) (4.40)
k=0 M (q+p-@ra(reaiy P is0dd

We are able to write multipole functions with p > 1 as linear combinations
of the multipole basis functions, though we must distinguish between even and
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0 0
My ngrr  "Mp-2)q042)

y®

0 0
p-a)grar  2M( M,

p—4)(q+2)(r+2) (p—4)q(r+4)

Figure 4.1: The dependence of the multipole functions with p > 1 on functions
with smaller p is given by Pascal’s triangle. Notice the alternating minus sign.

odd values of p. We, thus, split the sum in eq. (4.38) into a corresponding even
and odd part and plug into it the expression for the multipole functions that we
just derived. This yields

a
Zim—Zn m M(l)
m 2n(m—-2n)(l-m)

n=0

b
. m 0)
+ Z im (2n+1)(2n N 1)M(Zth1)(;/,1—(2n+1))(1—m)

n=0

a n
(l)
I Z Z ( )( ) 0(m—2k)(I-m+2k)
n=0 k=0
b n 0
—ZZi""< )()Ml —(2k+1))(1- 2kl
24 241\ o 41 J\ k) 10m= D)1= 28)

The limits of the sums are

X' = af"

a=|m/2|and b = |(m —1)/2]. (4.41)

In a last step, we note that we can exchange the two sums. For example, for
even p, we find

a n
Z Z im (l)
m O(m 2k)(I-m+2k)

n=0 k=0

S

The same holds true for odd p. We arrive at the final result of this section,
namely

l 0)
x| Y™ = Z Bl M (m 2k)(1—m+2k) T Z Bl M -2k 1)) (1=m2k) - (442)
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For m > 0, the coefficients are

4 (m\(n
Bllox =1i"a" <2n>(k) and

n=k

b
m n
m . _im+1am .
Pl : rg‘k 2n+1J\k

The solid harmonics with m < 0 can be computed with the formula Y™™ =
(_1)mYlm*'

We thus have a way to express an arbitrary solid harmonic of degree [ and
order m as a linear combination of the multipole basis functions with degree
l. We call the coefficients By , and ']  the basis transformation between the
solid harmonics and the multipole basis functions in the space of homogeneous
and harmonic polynomials of degree [.

Last, but not least, the complex conjugate of the basis transformation relates
the spherical multipole moments with the Cartesian multipole moments. A
practical implication of this section’s considerations is that it is only necessary
two compute 2/ + 1 components of the Cartesian multipole moments, namely
the ones corresponding to the multipole basis functions given in eq. (4.13))
instead of the (I + 2)(I + 1)/2 components of the symmetric tensor Q1. A way
to reconstruct the dependent components of M® (or Q1) will be presented in
the next section while deriving the inverse basis transformation.

(4.43)

4.4 INVERSE TRANSFORMATION

We derive the inverse of the basis transformation given in eq. (4.42) by, firstly,
collecting the coefficients 8] , and B/} , in a matrix, the basis transformation
matrix B and, secondly, by inverting this matrix.

How difficult it is to invert a matrix depends on its structure, e.g. if it is a
diagonal matrix computing the inverse consists in taking the reciprocal of its
elements. The structure of the matrix B simplifies if we use the real spherical
harmonics instead of the complex spherical harmonics.

The real spherical harmonics are defined as

1 0 —i
1

Yimo Yioo Yim1)=(¥" Y° ¥ —
(l 0 100 l 1) (l l l )\/5 (_?)m \{)E (—f)mi (4.44)

=" Y ¥m)s.

Note that § is unitary, i.e. SS = 1. An explicit expression for the real spherical
harmonics is

Yims = NimB™(cos 6)(850 cos me + 851 sinme), (4.45)
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with 0 < m < . Furthermore, the above definition implies that the normalisa-
tion Ny, == 1/2 — 8,,0N]". For a list of the first few real spherical harmonics see
Tab.[C.1.

Applying the unitary transformation to eq. (4.42) results in the following
pattern

s=0":
! - 0
evenm : 1%/ Yimo = V2 >, BLokMo(m—2k)(1—m-+2k)
k=0
l 2 0)
oddm : %[ Yimo = V2 > B IcMi (m— 2k 1)) (1—m+2K)
k=0
b
. l _ . 0)
evenm : x| iy = —V2i > Bl kM (m— 2k 1)) (1—m+2k)
k=0
a
. ! . I
odd m : el Yipmy = —V2i > 51%,kM(()()m—2k)(l—m+2k)
k=0

This pattern has two implications for the structure of the basis transformation
matrix B. First, the unitary transformation S brings it into a form in which it
consist of four blocks which correspond to the above four cases. Secondly, since
the limits of the sums a and b decrease with decreasing m, the corresponding real
solid harmonic depends on less multipole basis functions. For example, let us
consider the case s = 0 and even m for [ = 5. The even values of m are zero, two,
and four. The corresponding limits a are zero, one and two respectively. Hence,
the real solid harmonic of degree five and order zero depends on one multipole
basis functions, the one with order two on two and the last one with order four
on three multipole basis functions. This pattern translates into a triangular
matrix block. Hence, the basis transformation matrix can be transformed into a
matrix, which consists out of four triangular matrix blocks.

If the triangular matrices show up also depends on the ordering of the solid
harmonics and the multipole basis functions. For the solid harmonics we pick
the ordering that is implicitly assumed in eq. (4.44), namely

l l - - N
|x| Yl:= |x| (Yll Yll 1. Yl I+1 Yl l) ,

and a possible choice for the ordering of the multipole basis functions is

Le (MO 0 o\
M := (Molo Mo(l—1)1 M1(1—2)1 M1(l—1)0) :
Assembling the matrix B in accordance with these orderings brings eq. (4.42)
into the compact form
%' Y!(6, ) = BMY(x). (4.47)
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This equation can be multiplied with the matrix ST. On its left-hand side the real
solid harmonics will show up and on its right-hand side a matrix with the four
blocks that we found in eq. (4.46). If we now re-order the real solid harmonics
(and the multipole basis functions ) such that the harmonics with even order
m (and odd order m) are grouped together, four triangular matrices result. If
we additionally reverse the order of the real solid harmonics with s = 1, we get
four upper triangular matrices. Let P denote the corresponding permutation
matrix, then
Ix|' PSTY! = PSTBPTPM' .

An actual computation for even [ shows the following matrix structure

U

U,

B:=PS"BPT = (4.48)

Us
Us

For odd [, the four upper triangular matrices are at other positions in the matrix.

The inversion of this matrix is equivalent to inverting four upper triangular
matrices. This can, for example, be done by applying repeatedly back-substitution
with unit vectors as right-hand sides, see Press et al. (2007, Sec.2.2.1). We define
the inverse basis transformation matrix

A:=B1=pPTB1psT. (4.49)

Thus, M! = |x| ' AY! and with the help of a suitable mapping between the matrix
indices and the p, g, r indices, we get

! !
M(()Zr = Z oc?}),q’rrlYlm and Mﬂq)r = Z oc{’"l,q,rrlYlm . (4.50)
m=-1 m=-1
We call the afy . . and o]} , . the inverse basis transformation.

The dependent multipole functions, i.e. the functions with index p > 1, can be
expressed as a linear combination of the multlpole basis functions, see eq. (4.40).
Since the multipole basis functions are M! = |x| LAY itis possible to obtain an
expression for the dependent multipole functions in terms of the solid harmonics
by adding the rows of the inverse basis transformation matrix while multiplying
them with the factor given in eq. (4.40).

The definitions of the Cartesian and the spherical multipole moments, given
in eq. (4.6) and (4.17), imply that the relation between them is given by the
complex conjugate of the inverse basis transformation matrix, i.e.

¢ =B*Q! and Q'=A*q. (4.51)

Last, but not least, instead of inverting the basis transformation matrix B,
it is possible to directly compute the inverse basis transformation matrix A. A
derivation of the formulae for the as is provided in Appendix A.3.
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4.5 APPLICATION TO THE VFP EQUATION

In this section we come back to the original problem, namely the relation
between the expansion coefficients of the Cartesian tensor and spherical har-
monic expansion of the distribution function f. Asexplained in the introduction
to this chapter, the relation between the two kinds of multipole moments is
the same as the relation between the expansion coefficients, i.e. a basis trans-
formation. The reason was that in both cases, i.e. in the case of the multipole
expansions and in the case of the expansions of f, for an arbitrary but fixed
value of |x| or ¢, x, | p| respectively, the Cartesian and the spherical harmonic
expansion represent equivalent functions on the sphere.

However, in the Cartesian and spherical multipole expansion appear numer-
ical factors that do not appear in the expansions of the distribution function
f, see eq. (4.8) and eq. (4.16). That there are no factors in the expansions of
f means that 477/(2l + 1) was included in the definition of f/"* and 1/I! was

included in the definition of Fi(l_)_‘i HThus, the relation between the expansion
. . . . 1 l . .
coefficients is given by a modified version of eq. (4.51), i.e.

f'=D,B*D,F', (4.52)

where we replaced ¢! with f!, Q! with F!, and multiplied with D, = 47/(2l +
1)1 and D, := [I'1 to include the factors in the definitions of the expansion
coefficients. The inverse transformation is obtained by computing the inverse of
the above matrix as explained in Section 4.4.

Johnston (1960) derives this inverse basis transformation forl = 2 and [ = 3.
But when expanding f, he uses the real spherical harmonics without norm-
alisation Nj,, and without including (—1)" in the definition of the associated
Legendre Polynomials. Thus he implicitly starts with the following equation

o 1 1 2 (I—m)! fims(t,x,|p))
s Ny = 1" N ms 6,
J(tx.p) lz;) mzzlo Sgo( Y 1+ Som (I +m)! Nim Hine(&:9) (4.53)

o 1 1

Z Z Jims(t, %, | P1)Yims(6, ¢) -

=0 m=0 5=0

The fraction with factorials appears because the numerical factor in the addition
theorem changes if (real) spherical harmonics without normalisation are used
to derive it, cf. eq. (4.15). Moreover, 1/Nj,,, removes the normalisation. And in
the last definition of eq. (4.53) all these factors are included in the coefficients
fims- Thus, we should be able to reproduce his results by inverting the matrix
on the right-hand side of

f. = CD;N"'S'B*D,F!,

ZMaybe it is more correct to say that 477/(21 + 1) and 1/1! were included in the definitions of
q™ and QW respectively.
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which yields the following matrix
A; = D;'A*SD;'C.
Where A* = B*~" and where we introduced the following definitions

£} := (fuo fia—1y0 - fiany finn)
N := diag(Nj; Nyi—1) -+ Nig—1) Nip)

C := diag (D! (=)' - (=11 (=1)!) and

. 2 2 2 2
D5 := dlag(@ TS IR Ty W) ‘

Furthermore, S is the unitary transformation between the complex spherical har-
monics and the real spherical harmonics, see eq. (4.45). The complex conjugate
is necessary, because we are using the complex conjugate of eq. (namely
we are using YIWk and compare with eq. (4.51)). The dependent components of
Fiil_)._il can be computed as described at the end of Section@ The entries of the
matrix A; can be compared with eq. (9a-d) in Johnston (1960). Moreover, the
entries of A* can be directly computed with formulae derived in Appendix A.3

Last, but not least, the Vlasov-Fokker-Planck equation and the correspond-
ing expansions of f can be considered as an example partial differential equation
(PDE). We note that whenever (Laplace’s) spherical harmonics are used to ex-
pand a solution to a PDE, it is possible to work with the multipole functions
instead (or vice versa). If the multipole functions are used, it is always enough
to compute the 2/ + 1 independent components, namely the multipole basis
functions.



CHAPTER 5

PARTIAL DIFFERENTIAL EQUATIONS FOR THE
EXPANSION COEFFICIENTS

We note that the material presented in this chapter is published in Schween and
Reville (2024).

In the last chapter we saw that an expansion of the single particle distribution
function reduces the number of dependent variables from six to four, though
it requires a procedure to determine a transport equation for each expansion
coefficient. While derivations of this system of equations can be found in the
literature for different applications, both for the Cartesian tensor expansion (see
Johnston, 1960; Thomas et al., 2012; Williams & Jokipii, 1991, truncated at low
order) and the spherical harmonic expansion (e.g. Bell et al., 2006; Reville &
Bell, 2013; Tzoufras et al., 2011), the resulting equations are cumbersome, and
the physical meaning is obfuscated.

In this chapter we present a simplification of the derivation of the system of
partial differential equations for the spherical harmonic expansion of f. The pro-
posed method avoids lengthy algebraic manipulations when expanding to high
order. We begin our derivation with plugging the spherical harmonic expansion,
given in eq. (4.2), into the semi-relativistic VFP equation (3.60) that we derived
at the end of Section 3.2.3. Furthermore, we use the isotropic scattering operator,
see eq. (3.37), that we derived in Section|3.2.2| As pointed out earlier in eq. (4.20)
the eigenfunctions of this scattering operator are the spherical harmonics. This
motivates an approach which exploits operators acting on the space of spherical
harmonics and their matrix representations.

5.1 OPERATORS AND THE SYSTEM OF PDES

In this section we identify operators that are present in the semi-relativistic
VFP equation and show that the system of PDEs for the expansion coefficients
can then be obtained by replacing the operators with their matrix represent-
ations. This has the advantage of retaining the original structure of the VFP
equation. Additionally, we explicitly compute the matrix elements of the matrix
representations.

To this end we convert the VFP equation (3.60) into a matrix equation by

119
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inserting the spherical harmonic expansion and projecting onto the space
of spherical harmonics with the help of the scalar product defined in eq. (4.22).
This yields

> , afm ,
> 3 (1) s (| w0y ) v

=0 m=-1

- (v | (rmpp + - VL) p<f’"Y'"">) (51)

+ q(Ylm, | v (B X Vp(flelm) ) Z Z ( 17”, |A9,¢Ylm) "
=0 m=-1

for ' € Ny and |m'| < I'. Notice that all quantities related to momentum,
namely v, p,7,v and B are defined in the rest frame of the background plasma,
because of the mixed-coordinate system in use. The reason that eq. (5.1) is a
matrix equation is that the scalar products can be interpreted as elements of
matrices that multiply the vector ( f). iam) = = fi™ or its derivatives. The index j
used here is a one-to-one function of the indices | and m. We call this function
an index map and it determines how the expansion coefficients are ordered. An
example order is given through f = (f2, i1, £2, fi%, ... )T. In this case the index
map j is j(I,m) = I(I + 1) — m, with j starting at zero. Its (unique) inverse is
given as | = [\/7J andm=11+1)—j.

5.1.1 THE IDENTITY OPERATOR AND THE COLLISION OPERATOR

The time derivative may serve as an example. It can be written as

oo 1 . dfm )
> 2, (Yﬁ" 'Ylm) /i Z Z (1)l(zf m"j(t,m)0tC Pitm) » (5.2)
=0 m=-1

where 1 is the identity matrix. Note that we introduced a second index map
i(l'ym") =I'(I' + 1) — m' such that the notation resembles the ordinary matrix-
vector product. In particular, we emphasise that summing over [ and m can be
interpreted as the multiplication of the identity matrix with the time derivative
of the vector f. We remark that each time additional matrix indices are required
a ‘copy’ of the index map i (or j) will be used, see for example the matrix-matrix
products in eq. (5.39).

The identity matrix can be considered to be the matrix representation of the
identity operator 1 acting on the space of the spherical harmonics. We define
the matrix representation of an operator O acting on an inner product space
JH = span{by, b,, ... } to be

(0);j = (b;|Ob;)  where the b;s are the basis vectors of F(. (5.3)

We note that the space of all spherical harmonics together with the inner
product defined in eq. (4.22) is the Hilbert space I?(S?) of all square-integrable
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functions on the unit sphere. We denote this space by
§:=span{Y" |l € Nyand |m| < I} = @%I(Sz), (5.4)
1=0

where the direct sum highlights that a spherical harmonic of degree ! is a ho-
mogeneous and harmonic polynomial restricted to the unit sphere, cf. (4.21).
(Axler et al., 2001, Theorem 5.12, p. 81).

The collision operator is another example for the interpretation of the integ-
rals as matrix elements. The right-hand side of eq. is

o0 l o0 1
% 22 (th, | 40,5 Y™ ) ==Y 3 (©mnjam( Pigmy»  (5-5)
I=0 m=-1 =0 m=-1

where C is the matrix representation of the collision operator in the spherical
harmonic basis. It is a diagonal matrix and its elements are easily computed,
since the spherical harmonics are eigenfunctions of the angular part of the
Laplace operator, see eqgs. (3.37) and (4.20). The matrix elements are

_Ul+1)

Ag V™) = 5w Smim - (5.6)

ml
!

1
©iarmnjam = =7 (%

These two examples suggest that the system of PDEs that determines the
expansion coefficients f;"* can be formulated as representation matrices of oper-
ators acting on the space of spherical harmonics. We thus focus on identifying
other operators whose actions on the spherical harmonics are either known or
easily derived.

5.1.2 THE ANGULAR MOMENTUM OPERATOR

The magnetic force term in the VFP equation (3.60) is the momentum-space
counterpart of the angular momentum operator in configuration space that we
presented in eq. (4.32), i.e.,

B .
qu-(BXVpf)=—qB-(vX V,f)= _7C/l_m (pxVp)f=—iw-Lf, (5.7)
where w = qB/ym s the angular frequency vector,and L = —ipx V,. We choose
to keep the name ‘angular momentum operator’ and the symbol L, despite its
action on the momentum space variables p, because from the mathematical
point of view there is no difference.

For example, in terms of the coordinates 6 and ¢,

=~
=

= —id

~
H+
Il

A - o . d (5.8)
Ly +iL, = e*'¥ (ia—e +icot 9%> ,
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where the expression for the angular momentum ladder operator L, is the same
as the one in eq. (5.9).
When we express ﬁy and L, in terms of the ladder operators, we get

2

Ly
L=[(1/2(L,+L.)|. (5.9)
1/2i(L, — L)

We emphasise that the angular momentum operator acts only on 6 and ¢
and, hence, the magnetic force term in eq. (5.1) becomes

f Y7 qu- (B x V,(f"Y™)dQ = —iw - (3 [LY™)
52 (5.10)

= —10a (i mjam) Pia,m) »

where we the expansion coefficient f;"”* could be taken out of the integral, because
itdoes only depend on ¢, x and p and not on 6 and ¢. Furthermore, we introduced
the representation matrices Q¢ of the angular momentum operators. Notice
that we implicitly sum over the index a € {x, y, z}. We will frequently write Q¢
to refer to all three representation matrices at once.

The action of the angular momentum operators on the spherical harmonics
is well-known from quantum mechanics. For example, in Landau and Lifshitz
(1977, §27) their action is given to be

ﬁxiflm — mYlm ,
LY =v(1+m+1)(-mY™" and (5.11)
LYy"=vI+m(I-m+ 1y L.

The matrix representations of the angular momentum operators can now be
computed using eq. (5.11) and eq. (5.9). They are

(Qx)i(l’,m’)j(l,m) = moy18mim » (5.12)

1
QY mnjam = 5\/(1 + m+ 1)L = m)&116p (m+1) (5.13)

1
+ E\/(l +m)(l—m+ 1)51/15,,”/(,,”_1) ,

i
Q)i mnjam) = —5\/(1 +m+ 1)l — M)y 18 (m+1) (5.14)

i
+ 5\/(1 +m)(l—m+ 1)5l’l5m’(m—1) .

Alternatively, these matrix elements can also be found in Varshalovich et al.
(1988, Chapter 13.2, eq. 42).
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5.1.3 THE DIRECTION OPERATORS

In addition to the identity and angular momentum operators, another set of
operators appears in the VFP equation. We call them direction operators because
they ‘point’ in the direction of the coordinate axes:

cos @ A*
v=v|sinBcosp |=v|A|. (5.15)
sin @sin ¢ A?

These operators act on the space of spherical harmonics, i.e. A% : § — 8. They
appear, for example, in the spatial advection term of the VFP equation. In the
equations for the expansion coefficients (5.1), the spatial advection term is

f Y (U +0) Y dQ - Vo
S2
) afm (5.16)
Ylm )) 1

= (U (%™ |y ) +o(vm o
= (Ui myjm) + VAL mnjwmy) Oxa (Him) -

As in the case of the angular momentum operator, the computation of the
matrix representations of the A% operators leads us to investigate their action on
the spherical harmonics. There are multiple ways to determine their action. For
example, it is possible to use recurrence relations for the associated Legendre
polynomials or to use ladder operators, which increase/decrease [ and/or m and
that be can be used to represent them.

We begin with A* = cos 6 and we use a recurrence relation to examine its
action, namely

l—m+1

cos 6™ (cos 0) = W

m (cos 6) + ++ ™ (cos6). (5.17)

With the help of this recurrence relation, we show that the action of A* is

l-m+1N" l+m N"™
AT N e+ -

I+1 21+1Ml’:ll 1-1°1
_ I+m+1D)(I-m+1) m oy I+ m)(l—m) m
Ql+3)2l+1) 141 Ql+1)R2l-1) 1!
Instead of using a recurrence relation for the associated Legendre polynomials,

we can work with ladder operators which increase (decrease) I. These operators
are investigated in Fakhri (2016, eq. 12) and they are defined as

Ax Ylm — m1 elmqo

(5.18)

Ji(D) == +sin@ + lcosB. (5.19)
With this definition at hand, a short computation shows that
Ax

21+ - (LA+1)+I0). (5.20)
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The action of A* is now given by the action of the ladder operators f,, which
can as well be found in Fakhri (2016, eq. 14 a, b), and it is

J(l+ )Yy = \/35—12(1 -m+1)(+m+1)Y] and (5.21)
R 21+ 1

For the sake of completeness, we proceed analogously with the operator A”
and A?, i.e. we, first, compute their action using a suitable recurrence relation for
the associated Legendre polynomials and, secondly, we express their action with
the help of appropriate ladder operators. But already at this point, we highlight
that an explicit computation of the representation matrices of A” and AZ is not
necessary, as they are connected via rotations (see section @)

To compute the action of A” and A%, we use the two recurrence relations

1

sin OB = Ti1 [A-m+1)I—m+2)B% — (1 +m—1)1+m)B7]
: -1
sinOF" = 5— [BT — B (5.23)

With these relations at hand, we show that the action of A” is

A 1 i i
AYY™ =sinOcos @Y = 5 sin@(e'® +e7'%) ¥

1 . : . :

EN[” (sin 6B™el(M*+1)P ¢ sin 6™ el(Mm-1P) (5.24)
1 lymel | - 1, —m+lym—1 1

= 5 (-l + MY+ a YT - ety

where the coefficient a;" is

m_ [U+m(l+m-1)
a = J Ql+ D=1 (5.25)

In a completely analogous manner the action of A% can be shown to be

~ 1 . .
A" = sin Osin Y™ = - sin 6 (el —e71?) " (526)
_ i m+1Ym+1 —mYm+1 —m+1Ym—1 mYm—l '
=3 (al+1 41 QN tany Y —ap i ) .

Again, the action of A” and AZ can alternatively be derived with ladder operators
that can be found in Fakhri (2016, eq. 25, eq. 34), i.e.

. . . . 9 i 0

+ = — ptip —Isi

+(D)===x[Ls,J (D] =e (i cos 666 Lleny 59 Isin 6) , (5.27)
AL() = F[Ly, - (D] = e¥1? (i cos e_aae + —Sirll 6_6aq0 + Isin e) : (5.28)
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The square brackets denote the commutator of the two operators. These operat-
ors shift [ and m either in the same ‘direction’ or in opposite ‘directions’. Their
action is described by Fakhri (2016, eq. 26 a, b, eq. 35 a, b) and it is

. 20+ 1
AL+ 1Yy = \/21 I 3(l +m+2)(1+m+ DY

AZ(hY™ = \/iﬁ + 1(l +m)(l+m—1)y"!
(5.29)

Ar(Dym = \/ 2+ 1(1 —m)(l—m— 1)y

A 21+ 1
A1+ 1Yy = \/ﬂ—H(l—m+2)(l— m+ 1Yt

The operators AY and AZ can be represented with the help of the above ladder
operators, i.e.

v = 2(%“) (AL + 1)+ A* (D) + A7 () - A=+ 1)) (5.30)

A= 2(2l+1) A+ D) - ATO+ A - A=+ D) . (5.31)

This can be verified by direct computation.
Knowing the action of the direction operators, see eq. (5.18), (5.24) and
(5.26)), we can compute their matrix representations, namely

(A ,mja,m) (5.32)

[+ m+ D) -m+1) (I+m)(1—-m)
= \/ (21 T 3)(21 n 1) 51'(1+1)5m1m + \/m&m_l)ém,m

and
A mn) j(t,m) (5.33)
= % (=al31 8var1yOmoman) + a7 " Sua-1)8mr (1)
+ a1 S0 Smim-1) = "1 1-1) S (m-1))
A9 mnjt,m) (5.34)

1 —
=3 (+a]3 1 6041y B (me1) — ™81 1=1) Ot (m+1)
+ @V 6111 O (m—1) — QS0 (1-1)Omr(m—1)) -

These matrix elements can also be found in Varshalovich et al. (1988, Chapter
13.2, eq. 14-16).
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5.1.4 PRODUCTS OF OPERATORS

The only term in the VFP equation that cannot immediately be formulated using
the identity, angular momentum and direction operators is

— (ym]]))—lt] +(p- Vx)U> -Vpf. (5.35)

This term is a consequence of the transformation of p to the rest frame of the
background plasma which is why it is referred to as the fictitious force term, cf.
eq. (3.59).

We show now that V, can be expressed in terms of the direction operators
A and the angular momentum operators [%:

J 1 0 1 0 0 1

V,=e,— + — == ——=—|=e,7——i—e, XL. 5.36

p ep6p+p(e669+e¢sin66go) epap 1pep (5.36)

Here, e, eg and e, are as before the unit vectors of the spherical coordinate

system, and we emphasise that the components of e, are just the direction
operators:

e, = (cos 6,sin B cos ,sin Osin )" = (A*, A, A%)T . (5.37)

Note that expressing V,, with the help of the direction operators and the
angular momentum operators comes at the cost of introducing products of op-
erators. Up to now, we saw that it was possible to derive the system of equations
for the expansion coefficients by simply replacing the operators with their re-
spective matrix representations. We now prove that this is still true for products
of operators if some care is taken.

First of all, we show that the matrix representation of a product of operators
is the product of the matrix representations of the operators. To see this, we
point out that the identity operator in the space of the spherical harmonics can
be written as

n

g=1g=> D) ¥k (¥k|g) forallg € 8. (5.38)
n=0k

=—n

If g € 8, then it can be written as a linear combination of spherical harmonics
and the scalar products in the above sum yield the coefficients of this linear
combination/!

For the matrix representation of the product of two operators, say A and B,

A more familiar notation for the identity operator might be the Bra-Ket notation of quantum
mechanics, namely 1 = 3} |[nk><nk|.
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we get

nk(yménm))

5.39
(vl O

(A)l(l’ m (k) Bh(n k) j(l,m) -

Hence, the matrix representations of the two operators are multiplied.

We emphasise that the above statement does not hold if we truncate the
expansion of the distribution function at a finite [,,. In this case, we compute
the matrix representations of the operators acting on the finite dimensional space
Shmax = span{YQ, Y}, Y2, YL, ..., Yl;:;“"“} and not on the infinite dimensional
space S. The Aa operators contain ladder operators which increase (or decrease)
1, see eq. ( 0) and (5.31). It is necessary to define what happens if these
operators act on Ym Since Ym o1y is ot an element of the space Slmax, it makes
sense to define that the result is zero when they act on Ym But if a product of
operators appears whose first operator increases I, Whlle the second operator
decreases it again, then the above definition would imply that this product yields
zero when it acts on ;™ . This is not the correct result, because the joint action
results in a constant times ¥} , which can be represented in 8 lmax | This difficulty
can be avoided, if we compute the matrix representations of the operators for
L = l,,« + 1, evaluate the products and, subsequently, reduce the matrices to
lnax-

Since we now know how to compute the matrix representations of a product
of operators, we can now look at eq. (5.1) and see how the fictitious force term
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contributes to the system of equations for the expansion coefficients, i.e.
m'™* DU my, m
- v \rmyy +(p-VIU) - V,(f"Y™)dQ (5.40)
S2

r* D i
S2

= —ym ]]DDItJ (Y e, l’”)%+%%—?-(¥ﬁ”'|eprYlm)ﬁm
—p( ,5"’|(ep~vx)U~epY,m)%
+i( Y |(ep - VU - (ep X L)Y ) fi

= DU“(YJ"’ AaYl'")%+ ' abcD]; (v |Abreym) fm
—pggb(Yﬁ’” i Yzm)ﬂﬂebcngb(Yzf", L™ ) £

DU,
= —ym—- AN m)jampLiam)

i DU“¢
+> S€abe (A)ir myn(n ) @R n(n iy jmy Ficm)
n,k
au, b
- Z Pora (A)l(p mrni) @i jam)pficm)

+ Zk Z}:{ 1‘Ebcd% = Q0 i @i i) @ s jctamy Fictmy -
n,k n',k’

We stress that it is exactly this computation where the proposed operator
method provides the most obvious benefit. The repeated application of recur-
rence relations for the associated Legendre polynomials is replaced with the
evaluation of matrix products, which avoids lengthy and cumbersome calcula-
tions, see Reville and Bell (2013, Appendix A).

5.1.5 THE COMPLETE SYSTEM OF EQUATIONS

We conclude this section with a presentation of the complete system of PDEs
that determines the expansion coefficients f;* and an explanation of its terms.
The system of equations is

o f + (U1 +vAY) 8, f — ( m2Ua qa o anbAaAb> o f (5.41)

Dt oxa

+ ( : €abe DDLi APQC + 1€bcdgLA“Ac.Qd>f —iw,Qf +vCf =0.

The first term is the time derivative of the expansion coefficients. The
second models how the expansion coefficients change because of the motion
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of the plasma, which is described by U, and the motion of the particles given
through vA®. As already stated above, we call this term the spatial advection
term. The next term changes the energy contained in the expansion coefficients
because of the fictitious force acting on the particles. We called it the momentum
advection term, because it advects the coefficients in p-direction. The fourth
term reflects that the fictitious force not only accelerates (or decelerates), but it
also changes how the energy is distributed among the expansion coefficients.
The fifth term represents the effect of the magnetic force, namely the rotation
of the velocity of the particles. This rotation translates into a rotation of the
expansion coefﬁcientsm We refer to this term as the rotation term. The last term
is modelling the interactions of the particles with the thermal plasma. Cis a
diagonal matrix, which causes the expansion coefficients with [ > 1 to decay
exponentially at the rate vI(I + 1)/2. The coefficients with [ > 1 model the
anisotropies of the distribution function and the effect of the exponential decay
is to drive the distribution towards isotropy. We call it collision term.

We, once more, would like to highlight the one-to-one correspondence
between operators and representation matrices. The system of PDEs for the
expansion coefficients can be derived by simply replacing the operators with
their corresponding matrices.

5.2 ROTATIONS IN THE SPHERICAL HARMONIC SPACE

In this section we show that the operators’ matrix representations can be con-
sidered ‘rotated’ versions of each other and thus it is possible to compute any
one of them by rotating another. This result is based on the observation that
our choice of the coordinate system in momentum space was arbitrary and that
the angular momentum operators % and the direction operators A% are defined
with respect to the coordinate axes, see their definitions in eq. (5.8) and (5.15)
respectively. Notice that the spherical harmonics are also defined with respect
to the same coordinate system. Rotating them clockwise by 7z/2 about the x-axis
is equivalent to defining them in an equally rotated coordinate system. In the
rotated system the former y-axis is the z-axis and we expect the representation
matrix A,, to have transformed to A,. Taking advantage of this requires us to
investigate how to rotate the spherical harmonics and how the operators and
their representation matrices change under such a rotation.

For readers familiar with rotations in the space of spherical harmonics (or the theory of
angular momentum in quantum mechanics): It can be shown, that 8;f(x, p,t) — w - (p X
V,)f(x,p,t) = 0 has the solution f(x, p,t) = eI f(x, p,0) = f(x,R(t)p,0). Here, R(t)
is a rotation matrix, which rotates p about w/w at the angular frequency w. We express f as
a series of spherical harmonics and rotating spherical harmonics is equivalent to expressing a
spherical harmonic in terms of other spherical harmonics of the same degree l. This is what the
Q% matrices, which are representation matrices of the angular momentum operator, do.
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5.2.1 THE ROTATION OPERATOR AND ITS MATRIX REPRESENTATION

We begin our investigation with formally introducing a rotation operator in
the space of spherical harmonics, i.e. Yl’“(e, ®) = RY/™(6,¢). m reflects the
idea that we can think of the rotated spherical harmonics as being defined with
respect to a new polar direction given by a corresponding rotation of the original
one. A direct consequence of this thought is that a rotation does not change the
degree [ of the spherical harmonic.

An explicit form of the rotation operator R can be derived by defining its
action on the spherical harmonics and by studying an infinitesimal rotation.
This is, in essence, an application of representation theory. We present the details
here for completeness. In doing so, we follow Jeevanjee (2011), in particular
Chapter 5 and example 5.9 therein.

We start the derivation by pointing out that

Ylm(e,go) — ]VlmPl’m(COS e)eimcp — ]\]lmle(px/p)eimarctan(pZ/pY) — Ylm(p)
and define the action of R to be
Y™(p) = RY,"(p) = " (R™'p), (5.42)

where R is a rotation matrix which rotates the vector p.

We now look at an infinitesimal rotation to derive an explicit expression
for the rotation operator. To simplify the discussion, we restrict ourselves to a
rotation about the x-axis by an infinitesimally small angle da, i.e. R (da)p =
p + dae, X p. Its inverse is R;'(da) = p — dae, X p.

An explicit expression for the rotation operator is now constructed by plug-
ging the infinitesimal rotation into the definition of its action (5.42). This yields

N oy
Y"(p) = Y/"(p—daex X P) = Y"(P) = 77| Cave(e)’(p)° da+ O(da?)
da=0
= Y"(p) — (p X Vp) Y™ (p) da + O(da?)
= (1 —idal®) Y"(p) + O(da?),
where we Taylor expanded in da at zero.

In a next step, we set da = a/n and perform n infinitesimal rotations, which
add up to a rotation about the x-axis by an angle «. In the limit n — o0, we get

) L A\R o
Y™(p) = lim (1 —i%Lx) Y™(p) = e l* Y (p) . (5.43)

n—-oo

We state, without further proof, that this generalises to R = e~1*""L for an
arbitrary rotation about the unit vector r by an angle a.
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The matrix elements of the rotation operator R are the Wigner-D functions
that are well-known in the quantum theory of angular momentum, see Var-
shalovich et al. (1988, Chapter 4.5, eq. 1). They are defined to be

Wi mnja,mylar) = (an, |€_i“"LY1m) (5.44)
(o]
1 oo .

= Z F(Y"ﬂ | (—iar - L) Ylm)
k=0""
- 1 i o 0a

= kZ F(_la”aﬂa)i(y,ml)j(l,m) = (e_mraﬂ )i(l’,m’)j(l,m) .
=0

The conjugate transpose of the Wigner-D matrix is

o

; a |
UT = (e7197a2%)T = kZ;) H(—locra.Q")kJr

0 ) © (5.45)
— kz_o H(iaraQaT)k — I;} H(ioa,.a_Qa)k — plareQ® ,

where we used that for arbitrary matrices X and Y the following two properties
hold: Firstly, for (X---X)" = X7 ... XT the order of the matrices does not matter
and, second, that (X + Y)" = X" + Y'. Moreover, we took advantage of the
fact that the representation matrices of the angular momentum operator are
Hermitian matrices, namely Q%7 = Q9 see eq. (5.64) and (5.65).

A direct and useful consequence is that the Wigner-D matrix is unitar}ﬂ ie.

U'TU = el@rap-iara@® — 1 (5.46)

5.2.2 ROTATED OPERATORS AND THEIR REPRESENTATION MATRICES

Knowing how to rotate the spherical harmonics, we are in a position to compute
the action of an operator O in the rotated coordinate frame.

We once more note that we can compute the spherical harmonics defined
in the rotated frame simply by rotating the original spherical harmonics in the
same manner as the coordinate system.

Before we derive the action of an operator in the rotated coordinate system,
we would like to make a technical remark: Transformations of coordinates can
be interpreted actively or passively. An active rotation, for example, yields the
coordinates of a rotated vector, whereas a passive rotation gives the coordinates
of the vector in a rotated coordinate frame. Active and passive rotations are
equivalent if the sign of the rotation angle is changed, i.e. RP*(ar) = R**'(—ar).
Even though we write as if we rotated the coordinate system, we actually inter-
pret the rotations as active. Instead of working with two different coordinate

3In quantum mechanics the unitarity of the rotation operator implies that the probability to
measure a specific value of the angular momentum does not change if the coordinate system is
rotated.
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systems in which the spherical harmonics are defined, we work with two dif-
ferent bases of the space of spherical harmonics, namely the original spherical
harmonics and the rotated spherical harmonics. Both are defined in the original
coordinate system. The reason to take the active point of view is to allow for
a direct application of representation theory without the difficulties from two
different sets of coordinates, for example, p in the rotated and p in the original
coordinate frame.

That said, let O be the operator in the rotated coordinate system, then
OY™(6,¢) = ROR™Y™(8, ¢); the inverse rotation R~! ‘brings’ the spherical
harmonic back into the unrotated coordinate system. The action of O on the
unrotated spherical harmonic is known. Its result is rotated again and O gives,
as expected, results in the rotated coordinate system.

Eventually, we are interested in the representation matrices of operators
and, thus, we would like to know how the representation matrix of an operator
O changes under a rotation of the coordinate system. The representation matrix
O in the rotated frame is given by the action of O on the rotated spherical
harmonics, i.e.

O, myjam) = (Yz'rﬂ/ 0% ) (5.47)
= (RY;" | ORY;™)
=3 > (R | Y& ) (v |OYF) (v | RY™)
ok n' k!
=2 > Wi mnynn 1y (O nent jeryringoy ek jtm) »
n,k n' k'

or compactly 0 = UTOU.

5.2.3 ROTATIONS OF THE ANGULAR MOMENTUM AND DIRECTION OP-
ERATORS’ MATRICES

As explained in the introduction to this section, the operator A” has to be AZ in
a coordinate system which is rotated by —z/2 about the x-axis. If we know the
representation matrix AY, we can compute how it looks like in the rotated frame
using the formula in eq. (5.47) and we know that in this frame it has to equal
AZ. Hence,

LT
i i—Q*

A% = e 13 4¥el3 (5.48)

Moreover, we compute the representation matrix A” knowing A* by rotating

the original coordinate system about the z-axis by —7/2, i.e.

_ifoz iZoz
AY = ¢ 137 %120 (5.49)
This leads us to the conclusion that it is enough to compute the representa-
tion matrix of A*. We highlight that we do not have to compute the representa-
tion matrices of the involved rotations ourselves. Because their matrix elements
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are the Wigner-D functions. They can, for example, be found in Varshalovich
et al. (1988, Section 4.5.6 eq. 29, eq. 30 and Section 4.3.1, eq. 2). The rotation
about the x-axis and z-axis are U(—7x/2e,) and U(—m/2e,) respectively and
there matrix elements are

(ei?gx) = 51/15m1m€im5 (5.50)
i(l',m")j(l,m)
l-m’

7oz -1
(elzg ) P )l
i, m"j(l,m) 2

" [+ m)I(I — mO(A + m)(I — m)!]?
x,;)(_l)k K(l—m =k —m—=k)\(m +m+ k)’

m'+m+k>0

where the limit of the sum is n = min(l — m', [ — m).
We remark that the representation matrices of the angular momentum
operators can as well be obtained by rotating %, i.e.

< 7T
—-i=0*
2

Q= 2¥ %2 and Q7 = 2V QY. (5.51)

We emphasise that to construct the system of equations (5.41), we only need
four matrices, namely A*, Q*, U(—7x/2e,), and U(—7/2e,) and two of them
are diagonal matrices. This should considerably diminish the burden of its
implementation in future numerical applications.

5.3 A REAL SYSTEM OF EQUATIONS

Having derived and simplified the computation of the system of PDEs for the
expansion coefficients, we note that it contains redundant equations. The reason
is the reality of the single particle distribution function, as we will show in
the next paragraph. In this section we remedy this using the real spherical
harmonics. The relation between the complex and real spherical harmonics
can be expressed with the help of a basis transformation matrix. Multiplying
the system of equations with this basis transformation matrix removes the
superfluous equations.

The phase-space density f is a real function, i.e f € R. This implies the
existence of a relation between the coefficients f;" of the spherical harmonic
expansion of f as given in eq. (4.2), because the results of the sums must yield a
real function. Since a scalar (function) f is real if and only if f* = f, the relation
between the coefficients can be shown to be

=) = (" f*) = (0m g, (5.52)

where we used that " = (—=1)™Y,”™. This means that the system of equa-
tions (5.41) contains too much information, i.e. too many equations, because
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it determines the expansion coefficients f,”" as well. And these, as we have
just proven, can be directly obtained from the ones with positive m. A way to
remove the redundant equations is to use real spherical harmonics instead of
complex spherical harmonics. We note that the above derivations are greatly
simplified by working with the complex spherical harmonics, and this is why
we choose to transform to the real spherical harmonics only after the matrix
representations have been determined.

5.3.1 REAL SPHERICAL HARMONICS

We begin with a definition of the real spherical harmonics. One way to arrive at
their definition is to rewrite the spherical harmonic expansion (4.2) as

00 l [+ 1
=2 2 A= 2 SN 2 (M AT
=0 m=— =0 m=1
00 l
= 2 0+ 0 (M )
l_ —_
l * * * *
fl fm Ym Yim (ﬁm_ﬁm )(Ylm_Ylm ))
— OYO —
Zf * Z ( V2 \/Ei \2i
- Z fOOYlOO + Z (flmOYimO + flelml) - Z Z Z fms Ims - (5.53)

=0m=05=0

In the last line we defined the real spherical harmonics Y},,,;. We remark that
this definition is equivalent to the one presented in eq. (4.44). The expansion
coefficients f},,,; are real as well. Furthermore, f;5; = 0 and Yj5; = 0.

We note that the real spherical harmonics are also orthonormal functions,
namely ( Yy st | Yims ) = 0110mmSss» Which can be verified by a direct compu-
tation of the scalar product.

The context of the definition of the real spherical harmonics in eq. (5.53)
allows us to interpret them as a real basis of the space of spherical harmonics §.
The basis transformation between the real and complex spherical harmonics
can be computed with the help of

o

1
Yis = Z Z Y (Y IYl’m s’ =i Z Z Ylm(s)i(l,m)j(l’,m’,s’)a (5.54)

=0 m=—1 =0 m=-1

where we introduced a new index map j(I', m’, s") that again encodes the order-
ing of the real spherical harmonics Yj,,,; and their coefficients f;,,;. For example,
if the real spherical harmonics are ordered as

8 = span{¥y0, Y110> 100> Y111> Y220> Y210» Y2005 Y2115 Y2215 - }s
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the index map is j(I',m',s") =I'(I' + 1) + (—l)sl“mﬁ Note the index j starts at
zero. The matrix elements of the basis transformation matrix S can be computed
to be

(S)i,m)j,m s (5.55)
((5m’m + (_1)m,5—m’m) i<5m’m - (_1)m,5—m’m>
'l

Oy — Oy
V20460 V2 “)

where we used the definition of the real spherical harmonics given in eq. (5.53)
and, once more, the relation /™" = (—1)"Y;"™. An explicit expression of S is
presented in eq. (4.44).

As noted before, the basis transformation matrix has the useful property that
it is a unitary matrix. This can now be understood as a consequence of the fact
that basis transformation matrices relating two orthogonal bases are unitary.
We include a proof of this general statement for the case at hand, i.e.

Wi, m 51 jt,mys) = S118m'mSs's
= (Yl’m’s’ | Ylms)

=3 (5 Yo ) (K| Yims ) (5.56)
n,k

= > (i m sr(nJ0 Shn o) jtmss) -
n,k

In matrix form this equation reads 1 = S7S and the inverse basis transformation
matrix is 7! = ST,

5.3.2 TURNING THE SYSTEM OF PDES INTO A REAL SYSTEM

With the basis transformation and its inverse at hand, we can turn the complex
system of equations (5.41) into a real system thereby removing the superfluous
equations. To this end, we compute how the matrix representation of an operator
changes under the basis transformation. We find for an arbitrary operator, say
O, that

(OR)i(l’,m’,s’)j(l,m,s) = (Y’m’s’ | OYlms) (5.57)
=3 2 (5| Yoy ) (VK| OYE ) (Y| Yims )
n,kn' k'
=2 > SN mr 5110 Oy iy (Sr(nr k1) it m,s)
n,k n’ k'

The subscript R means that Oy, is the matrix representation of O with respect to
the real spherical harmonic basis. Eq. (5.57) in matrix form reads Og = STOS.

“Note since there is no real spherical harmonic Yy, we define that the index map j(I', m’, s")
isvalid for m’ = 0 and s’ = 0 and exclude m’ = 0 and s’ = 1.
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We now transform the complex system of equations (5.41) by multiplying it
with ST from the left and inserting the identity matrix 1 = S7S where necessary.
This yields

6:STf + (U1 +vSTA%S) 4, ST f (5.58)
DU, .+ U,
—(ymPlgigqag  pO% gt gaggigb ) t
(ym o S AS + p52STASSTAPS | 3, ST f

. pue
+ (%eabcD—UtsTAbssmcs + iebcdng*Aass*Acssmds> stf

—iw,8TQSSTf +vSTCSSTf

DU, Uy,
=0, fr + (U1 + vA}) 3, fR—< o P bA ) OpfR

1 DU“ auP
+ ( €abe T; ——AROQR + €peq E ARAR'Qd) Sr— 0aQ%fr+vCrfr=0.

Notice in particular that Q% := iS7QS includes the factor i.

It is left to show that eq. (5.58) is actually a real system of equations, i.e. that
all the appearing matrices and fy are real. We begin with the latter and show
that the components of f are

(FRiwms) = 2. SDiwmsyjwm)(F i m

I',m'

_ flm + (_1)mfl_m5 N l(flm _ (_1)mfl_m)5 _ f (5.59)
\/m sO \/E s1 Ims -

These are the expansion coefficients of the real spherical harmonic expansion,
which we derived in eq. m and which, as we pointed out there, are real. To
prove that the matrices are real, we had to compute them explicitly. The explicit
expressions for all real representation matrices can be found in Appendix B.1.

At the end of this section, we stress that the real representation matrices can
as well be computed with the help of rotation matrices, i.e.

AR =e ZQRAxezﬂR A =e zﬂﬁAyezﬂR and (5.60)

oF

QY =e ZQR.Q"ez Q% =e 2 R.dez R (5.61)

5.4 EIGENVECTORS AND EIGENVALUES OF THE REPRES-
ENTATION MATRICES

Numerically solving the system of PDEs for the expansion coefficients, as de-
rived in eq. (5.41) or (5.58), using standard techniques, e.g. the finite volume
method or the discontinuous Galerkin method, requires knowledge about the
eigenvalues and eigenvectors of the matrix representations. We prove that the
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representation matrices of the direction operators have the same eigenvalues
and that their eigenvectors are rotated versions of each other. Moreover, we
show that the eigenvalues are the roots of the associated Legendre polynomi-
als. The implementation of the discontinuous Galerkin method exploiting this
knowledge is the subject of the next chapter. Related statements about the
eigenvalues of the representation matrices of the angular momentum operators
are included for the sake of completeness.

5.4.1 GENERAL STATEMENTS

A first important observation is that the matrix representations of the A% and ¢
are Hermitian matrices, because the eigenvalues of Hermitian matrices must
be real. Assume £ is an eigenvector of an arbitrary Hermitian matrix A with
eigenvalue 1 and with norm £ := /£* - £ = 1, then

¥ = Ay

(5.62)
= (DA = @A), = & - ATE= £ AE = 1.

We now prove the above observation for the direction operators A%. We
prove it for A* and only note that the proof for the other two operators works
analogously. We use the definition of the representation matrices given in
eq. (5.16) to get the transpose conjugate representation matrix of A%, namelyﬁ

A r\¥
AN myirmy = (Yim | Ay ) (5.63)

*
(f Y™ cos Y dQ)
S2
J

= | " cosoy"dQ = (™ | &™) = (A% myjam)
2
Hence A* is a Hermitian matrix. The same is true for the representation matrices
of A¥ and A%. Hence, A*" = A% for a € {x, y, z}.

We proceed by proving that the representation matrices of the angular mo-
mentum operators are Hermitian. Knowing their action on the spherical har-
monics, see eq. (5.11), we conclude that

A AN
@ wmyirmn = (Yim ry" ) (5.64)
= MGy = My = (Y}'n |t4xY1m) = ('Qx)i(l’,m')j(l,m) >

where we used that we get the same result when the roles of m’ and m are

SThere is an error in the original publication Schween and Reville (2024): The index maps
i(l'ym") and j(l, m) are swapped.
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interchanged. For [, we find

(@i myicrr,mry (5.65)
(x| Dy )

1
5\/(1' +m' + 1)(1’ - m,)all’am(m’+1)

1
+ E\/(l’ +m)' —m' + 1)511’5m(m’—1)

1 1
= E\/(l +m)(l—m+ 1)5l’lam’(m—1) + 5\/(1 +m+ 1)1 - m)51/15m,(m+1)
= (Yz'rﬂl pYEm) = ()i, m"ja,m) -

We used that 8,/ +1) = Sm’(m—1) a0d Spym'—1) = S (m+1) and, in agreement
with it, we replaced m’ with m — 1 and m + 1 respectively. The proof for I7 is
analogous.

A second statement about the eigenvalues of the representation matrices
follows from the fact that the representation matrices are ‘rotated’ versions of
each other. This implies that their eigenvalues are the same. The proof requires
the concept of similar matrices: We say the matrices X and Y are similar, if they
are related by Y = T~!XT. Similar matrices have the same eigenvalues, because
their characteristic polynomial is the same, i.e.

p(A) := det (X — AI) = det(T(T™'XT — ADT!)

— det(T) det(Y — AD det(T—1) = det(¥ — D). 0%

Equation (5.48) states that AY is similar to A% and eq. (5.49) says that A* is
similar to AY. The same is true for the representation matrices of the angular
momentum operators, see eq. (5.51). Thus, all three matrices share the same
eigenvalues. We define the spectrum to be the set of all eigenvalues of a matrix,
namely o(X) := {1 € C | 3w # 0 : Xw = Aw}. The fact that all three matrices
have the same eigenvalues can now be expressed as

o(A%) = g(AY) = o(A%). (5.67)

A third statement concerns the eigenvectors of the representation matrices:
The eigenvectors are rotated versions of each other, i.e.

AW* = WA <= e_igﬂzAxeigﬂze_ilzr‘Qsz = e_igﬂZWxA
e AV T T wr = 13y (5.68)

= AYWY =WIA,

where A is a diagonal matrix with the eigenvalues of A* on its diagonal and W
are matrices whose columns are the corresponding eigenvectors. An analogue
computation can be performed for AZ.
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5.4.2 EIGENVALUES OF THE DIRECTION OPERATORS’ MATRICES

In the previous section we showed that if we know the eigenvalues of one of
the representation matrices of the direction operators, we know them for all.
Since A* is simpler, i.e. it has less non-zero elements, we focus on determining
its eigenvalues and, as we will see, its eigenvalues are the roots of the associated
Legendre polynomials.

To see a general pattern emerge, we begin with computing the eigenvalues
of A* for l,, = 1 and l,, = 2. Notice that for the following ordering of the
spherical harmonics

8! = span{Yy, Y2, Y, Y71} for I,,, = 1 and
82 — Span{YOO, Y10’ Y*20’ Y'll’ Y217 Y1_17 Y’z—l’ Y'22, Y2—2} for lmax — 2,

the matrix A* is, as we will see now, tridiagonal. We use eq. (5.32) to compute
its matrix elements and introduce the shorthand

o = [(L+ m)(L — m)/(2L + 1)(2L — 1)]*/2

for the coefficients in the referred equation. This yields for [ ,, = 1

0 & 00 x
aro|d 0 0 of [T,
0 0 00 L
0 0 00 -1
and for l,,, = 2 we find
0 ¢ o
&0 o
0 ¢ 0 2,0
0 ¢ 21
A* = ¢z 0 = 2-1
0 ! 36,2
o' o0 22
0
0

where we introduced the tridiagonal block matrices

0 c|”:n|+1
Clmj+1 0 sz
ifm — c|nr11|+2 . = R(l—m+1)x(l—m+1) (5.69)
cm
l
gt 0

with [m| < land the convention that A7, := 0. We emphasise that the size
of the block matrices A7, varies with [ and that the pattern shown in the two
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examples above is the same for an arbitrary [,,,,. The block diagonal structure
of A* implies that its characteristic polynomial factors into the characteristic
polynomials of its blocks, i.e.

lmax

p) =deta*—an = [ det(af_, -
S (5.70)

lmax
= det(A}_o— D) ][ [detaf_,,— D],

m=1
where we used thatA;  ,, = A; _,, becausec/” = ¢;™. A direct consequence
of eq. (5.70) is that the eigenvalues of A* (i.e. the roots of its characteristic
polynomial) are the eigenvalues of the block matrices Ax

We now prove that their eigenvalues are the roots of the mth derivative of
the Legendre polynomial B, ;. Before we begin the proof we define

py"(x) = B( ) (5.71)

dxm

to denote the mth derivative of the Legendre polynomial. Furthermore, we point
out that p;" is part of the definition of the associated Legendre polynomials, i.e.
B™(x) = (=1)™(1 — x?)™2p"(x). Thus, if the eigenvalues of A7, are the roots
of the mth derivative of the Legendre polynomial B, they are as well the roots
of the associated Legendre polynomial B, modulo +1.

In a first step, we compute det(Aj,,, — A1) developing it after the last row, i.e.

74, () = det(Af,, — A1)
= —Adet(A}, ,, — A1) — (¢f")* det(A}, ,, — AI) (5.72)
= —An"(A) — (")?*7", ().

This equation can be read as a recurrence relation for the newly introduced
polynomials 7;". Fixing m to some integer value and setting 7/, (4) = 1 the
characteristic polynomials for arbitrary [, m can be computed recursively.

In a second step, we compare the recurrence relation with the re-
currence relation for the associated Legendre polynomials that we presented
in eq. (5.17), which implies a recurrence relation for the mth derivative of the
Legendre polynomials, i.e.

l+1( x) = x 2+ 1 Pm( ) — = I+ rj_)l)lel(x)
m 2l+1 (I+m) (573)
= pih(x) = xﬁ 71(x) = m Pt (x).

We see that the recurrence relations in eq. (5.72) and eq. (5.73)) are similar. They
differ in the factors in front of the polynomials on the right-hand side. This
suggests that p;"*(x) « 7;"(x). If the polynomials are proportional to each other,
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they have the same roots; multiplying a function with a constant does not change
its roots. The factor of proportionality can be derived by noting that the leading
order term of 7"*(x) is (=1)!=mx=m using an explicit formula for the associated
Legendre polynomials and dividing its leading order term by the factor which
accompanies it. This results in

(21— !
A—my ™

We summarise and conclude that the eigenvalues of the representation
matrices of the operators A for a fixed I, are the roots of the polynomials
n{ﬁax +1 With 0 < m < [, which are, modulo a constant of proportionality, the
mth derivatives of the Legendre Polynomial B, ;. Hence, the eigenvalues of A¢
are the roots of the associated Legendre Polynomials P PR TRE Pll““‘" modulo
+1. We note that the roots of the polynomials Wlth m #0 have algebraic
multiplicity two, see eq. (5.70).

The above conclusions have implications for the possible set of eigenvalues:
First, the Legendre polynomials are orthogonal polynomials and the roots of
orthogonal polynomials are real, simple and located in the interior of the inter-
val of orthogonality, which is [—1, 1] in the case of the Legendre polynomials,
see Milton and Stegun (1964, Section 22.16). Secondly, the roots of le with
m # 0 are the roots of the derivatives of the Legendre polynomials, i.e. the roots
of p". Rolle’s theorem states that the roots of the derivative of a continuous and
differentiable function, must lie between the roots of this function. This implies
that the roots of the polynomials p;" are ‘moving’ towards zero with increasing
m, hence that all eigenvalues of A* are contained in the interval [—1, 1] and

that the largest eigenvalue of A* is the largest root of the Legendre polynomial

0 —
leax+1 - Bmax"'l'

We can get a very good estimate for the largest eigenvalue using a formula
to compute estimates of the roots of the Legendre polynomial of degree [, which
can be found in Tricomi (1950, eq.13). The formula is

i1 1y 4r=1 i
x,—<1 812+813)cos<4l+2ﬂ)+0(l ) (5.75)

wherer € {1, ...,l/2} foreven land r € {1, ..., (I — 1)/2} for odd . The estimate
for the largest eigenvalue of A% is 1., = X;.

pi'(x) = (=)' —r (%) (5.74)

5.4.3 SUMS OF REPRESENTATION MATRICES

In the last part of this section we show how to compute the eigenvalues and
eigenvectors of

NxA* + 1A + 1,A%  where n = (1, 1y,1,)T € R? (5.76)

using the eigenvalues and eigenvectors of A*.
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In a first step we note that the sum of the representation matrices of the
direction operators can be traced back to the scalar productn - e, = N AS +
nyAY +1,4%, see eq. (5.37). Secondly, we define the unit vector n := /7. Thirdly,
we rotate the coordinate system such that the x-axis of the rotated coordinate
system is parallel to n. We denote the corresponding rotation matrix with R,,.
This changes the scalar product 7 - e, to

nn - (RiR,e,) = n(Ryn) - (Rye,) = nii- &, = ney - &, =ncos6 = nA,, (5.77)

where we used that the coordinates 7i of n in the rotated coordinate system are
e,.. Eq. (5.77) shows that the sum of the direction operators that is given by the
scalar product 7 - e, reduces to nA, in the rotated coordinate system and so does
its matrix representation (5.76) with respect to the spherical harmonics defined
in the rotated coordinate system.

As explained in Section |5.2| transforming representation matrices into a
rotated coordinate system requires to know how to rotate spherical harmonics.
In eq. (5.44) we presented the necessary rotation matrix U(ar) = e 1%"a2,
where the unit vector r is the axis of rotation and « is the angle by which the
spherical harmonics are rotated.

Because of eq. (5.47) and since we know that the sum of matrices (5.76)
must equal 7A* in the rotated frame,

nA* = U(ar)' (n,A* + 1,AY + 1,A%)U(ar). (5.78)

The axis of rotation can be computed with r = e, X n/|e, X n| and the angle
a=ey-n.

We can now investigate the eigenvalues of the sum of the representation
matrices (5.76). They are determined by

det (n,A* +1,AY +1,A% — 1) (5.79)
= det (U(ar) (U'(ar) (n,A* + n,AY + n,A%) U(ar) — 1) U’ (ar))
= det (A% — A1) =0,

whence we conclude that the eigenvalues of the sum of the representation
matrices (5.76) are the eigenvalues of A* times ), i.e. its ith eigenvalue is

A=k +13+n2)2, (5.80)

where 4, is the ith eigenvalue of A*. We highlight that this relation between the
eigenvalues of A, and the eigenvalues of the sum of the representation matrices
is independent of I ,,, and holds for each eigenvalue 4.

The geometrical interpretation of eq. (5.80) is that for a given value 7, the
eigenvalues A} lie on one of the sheets of a circular and two-sheeted hyperboloid
that is parameterised by 7,. and 7),,. To illustrate this we plotted one eigenvalue
of the sum of the representation matrices (5.76) for two values of 7),, see Fig. 5.1.
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A(Nx>My312)
0

TR

Figure 5.1: Plot of the eigenvalue 4; of ,A* +7,AY + 1,AZ for varying 7, and
1, and fixed 7. The plotted 4; corresponds to the eigenvalue 4; = —0.9062 of A*
with I, = 4 . The depicted circular hyperboloid is described by (12 + 13)/n% —
(/1Si//1i77z)2 =-1L

The eigenvectors of the sum of the representation matrices (5.76) are the
rotated eigenvectors of A*, because

NAXW* = nW*A <= nU(ar)A*U (ar)U(ar)W* = nU(ar)W*A
= (1 A" +1,AY +,A%) U(ar)W* = U(ar)W*AS .

We conclude this section with referring the reader to Garrett and Hauck
(2016), who also investigated the eigenstructure of the A* matrices in the context
of radiation transport and found similar results. Our work differs from theirs
mainly in identifying the unitary matrices U as rotation matrices. Furthermore
we would like to remark, that the eigenvalues of the real matrices A% are the
same as the eigenvalues of the A% matrices, because STA%S = A% is a similarity
transformation.



CHAPTER 6

NUMERICAL SOLUTION OF THE SYSTEM OF
PARTIAL DIFFERENTIAL EQUATIONS

In the last chapter, we turn our attention to solving the system of partial dif-
ferential equations for the expansion coefficients of the spherical harmonic
expansion. This means that we simulate the transport of charged and energetic
particles in tenuous astrophysical plasmas. Notice that as at the time of writing
this chapter, the content is submitted to a journal and a preprint is available
(Schween et al., 2024).

We remind ourselves that our aim is to solve the semi-relativistic VFP equa-
tion (3.60). In order to reduce the dimensionality of the problem and to deal with
physical situations in which the diffusion approximation is not applicable, we
treat the momentum dependence of the distribution function with a spherical
harmonic expansion that we truncate at arbitrary [ ,,,. Computing the single
particle distribution function f then amounts to solving the system of PDEs for
the expansion coefficients. We choose to solve the real system of PDEs that we
derived in eq. (5.58)), because it does not contain any linear dependent equations
as its complex counterpart. For a better overview, we re-print it here, i.e.

of of DU, U, of
- 1 A% = — —4dpQ ZZb pqaygqb) 2L
ar T +uAY) 3.3 (7’”" Dt T Paxa ) ap
1 DU oub &1
+ (5€abcD—tAb~Qc + €bchAaAcﬂd) f—w,Qf +vCf =0,

where we dropped the subscript R to simplify the notation. Notice that the
components of f are the expansion coefficients fj,,,;, see eq. (5.59). We stress that
any time-dependent solutions are accurate only to zeroth order in U/c, because
when we derived the semi-relativistic VFP equations we dropped corrections
of order U/c, cf. the end of Sec.|3.2.4. We discuss approaches to recover higher
order accuracy in C.2,

We solve the system of PDEs with the discontinuous Galerkin (dG) method
in conjunction with implicit and explicit time stepping methods, because this
provides significant flexibility in our choice of spatial and temporal accuracy.
The dG method is a finite element (FE) method, ideally suited for advection-
reaction equations and, as we will argue in the next section, the system we solve

144
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is exactly this, an advection-reaction equation. We note that typically codes apply
either finite difference or finite volume approaches to solve the VFP equation
numerically (cf. Bell et al., 2006; Zhang et al., 2024). However, the dG method is
also used in the Gkey11 code to solve the Vlasov equation in Cartesian spatial
and momentum coordinates using (up to) 6D discontinuous basis functions, i.e.
without an expansion of f.

In this chapter we detail the dG method for the system of PDEs and we
explore the capabilities of of our implementation by means of three physically
motivated examples. In particular, we simulate the acceleration of test particles
at a parallel shock and compare the results to the analytical predictions derived
in Sec. (3.3.1).

Our implementation is available as a free and open-source code called
Sapphire++ (‘Simulating astrophysical plasmas and particles with highly rel-
ativistic energies in C++’E As the acronym Sapphire++ implies, the code is
written in the C++ programming language. The aim of Sapphire++ is to com-
bine the advantages of both, i.e. the expansion of the distribution function and
the dG method. We note that the implementation is based on the FE library
deal.ii?/(Arndt et al., 2021, 2023).

6.1 THE DISCONTINUOUS GALERKIN METHOD

The advection-reaction equation is known to be well suited for an application
of the dG method, see Di Pietro and Ern (2012) for a textbook example. In the
first part of this section we introduce a set of symbols that allows us to identify
the system of PDEs as such an advection-reaction equation. Subsequently, we
explain what the dG method is and how to apply it to eq. (6.1) and eventually,
we briefly introduce the ®-method, i.e. one of the time-stepping methods that is
implemented in Sapphire++

6.1.1 ADVECTION-REACTION EQUATION

The system of equations (6.1) can be brought into the following form

of

S +B-Vf +Rf =0, (6.2)

'https://sapphirepp.org
*https://dealii.org
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where we introduce the symbols

B U1 + vA® fora € {1,2,3}
- —ymDD—Li“Aa - p%AaAb fora =4 ’
- 0/0x* fora €{1,2,3
(9), = / { } and (6.3)
d/dp fora =4
1 DU* ou®
= ~Cabe APQC +¢py T ACACQY — 0, Q% +1C.

Equation (6.2) is an advection-reaction equation, B* are the advection matrices
and R is the reaction matrix. Moreover, we refer to the vector space & = (x, p)'
as reduced phase space, and use the index « to refer to the components of vectors
in the reduced phase space. The above system of partial differential equations
is a linear hyperbolic system, because the advection matrices are symmetric,
which implies that they are diagonalisable and that their eigenvalues are real,
see LeVeque (2002, Sec. 2.9). Note that due to the symmetry of A% and of the
products A%AP, the advection matrices 8% are also symmetric.

The physical interpretation of the terms in the advection-reaction equations
is, firstly, that a combination of expansion coefficients f is advected in the
reduced phase-space variables ¢ and, secondly, the expansion coefficients are
mixed and decay through the reaction matrix R.

A unique solution to the system of PDEs (6.2) requires in addition boundary
and initial conditions. In the subsequent section we choose a zero inflow bound-
ary condition, because the mathematical results concerning the uniqueness of
the solution, to which we refer the reader, hold for this choice. However, in
Sapphire++ other boundary conditions are implemented, namely periodic and
continuous, which we use in the examples in Sec. 6.2, We denote with f~ the
inflowing part of f at a specific point on the boundary D of the domain D C R*.
Zero inflow at all times is then formally expressed as f~ = 0 on dD X [0, tz]
where tr is the final time. We address the question of how to determine f~ later,
see eq. (6.25) and the explanations thereafter. As an initial condition we choose
a smooth function f(x, p,t = 0) = f°(x, p).

Furthermore, we include an additional source term s(x, p, t), which is at
least a square-integrable function. The problem we seek to solve thus becomes

Of+B-V)f+Rf=s  inDx][0,tg] (6.4)
f=0 on 8D X [0, tp] (6.5)
f(x,p,00=f° inD. (6.6)

Under the assumption that 8 and R do not depend on time it can be shown via
an energy estimate, that if a solution f exists, the solution is unique, see Di Pietro
and Ern (2012, p.70 Lemma 3.2 and p.332 Lemma 7.26)E

5We note that Di Pietro & Ern would interpret such a system as an example of a Friedrich’s
system, cf. Di Pietro and Ern (2012, Section 7.1 and Section 7.5)
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As mentioned, the advection-reaction system is a linear hyperbolic system. A
well established approach to solve such a system numerically is the finite volume
(FV) method, because it includes fluxes which allow it to conserve the relevant
physical quantities. We apply the discontinuous Galerkin method instead of
the FV method, because the dG method is also based on fluxes and, thus, has
the same main advantage but, in contrast to FV methods, it is easy to increase
the order of accuracy of the spatial discretisation of the solution to the PDE
system (6.2). FV methods rely on polynomial reconstruction methods like the
(weighted) essentially non-oscillatory (WENO) method, which requires a stencil
of cells to achieve higher order accuracy (Shu, 2009). As we show in the next
section, the dG method works right away with higher order polynomials, that are
independently defined on each cell, thus avoiding the need for a reconstruction
algorithm with information from neighbouring cells. In this sense the dG
method is more local than FV methods. It is this locality which helps to leverage
the implementation of algorithms which adapt the cell sizes or the polynomial
degree depending on the error of the numerical solution. This is useful in the
context of the acceleration of particles around a shock, which benefits from high
accuracy in the vicinity of the shock, see for example the grid design in Fig. 6.5.

6.1.2 DISCRETE REPRESENTATION OF THE SOLUTION AND THE FINITE
ELEMENT METHOD

We now apply the dG method to the system of PDEs (6.2) and explain how we
can exploit properties of the A* matrices to accelerate and stabilise the resulting
algorithm. We note that the content up to eq. (6.18) heavily draws from Di Pietro
and Ern (2012, in particular Chap. 1 - 3 and Chap. 7).

The dG method is a finite element method (FEM) in which the discrete
approximation of the solution to the PDE is represented by a linear combination
of functions, i.e.

St x, p) = §(O¢(x, p) with ¢ € W, (6.7)

where the summation over j is implied. V}, is a finite dimensional function space
and the ¢; are its basis functions. The subscript A refers to a typical cell size and
expresses that 1}, depends among other things on the number of cells in which
the domain D will be decomposed. The objective of FEMs is to determine the
coefficients ¢ that are called degrees of freedom (DoF).

One of the features that distinguishes the dG method from other FEMs is
the choice of the function space V};: The domain D is subjected to a triangulation.
The outcome is a set of cells in the reduced phase-space which we denote with
J,. We use lines in one dimension, rectangles in two dimensions and cuboids
in three dimensionsﬂ because Sapphire++ builds on the deal. ii library that

4Hypercuboids can be applied in higher dimensions, though Sapphire++ is not yet equipped
to handle these within the standard deal.ii framework. Extensions to higher dimensions are
implemented in hyper.deal, as described in (Munch et al., 2021).
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preferably uses this geometry for the cells. Subsequently, a set of functions is
defined on each cell T, for example, polynomials up to a certain degree k. These
functions are constructed as tensor products of 1D Lagrange polynomials. Each
factor of the tensor product corresponds to one dimension of the cell. The 1D
Lagrange polynomials are

X — X
b0 =[] — withi€{o,...k}, (6.8)
0<j<k b7
i#]

where k is the number of interpolation nodes and, thus, the degree of the
Lagrange polynomial ¢;. For k < 2, the Lagrange polynomials are constructed
with equidistant interpolation nodes x;, whereas for k > 2 Gauss-Lobatto points
are use We note that the k + 1 Gauss-Lobatto points are found by forming
the union of the roots of the derivative of the degree-k Legendre polynomial
B/(x) and the interval endpoints {—1, 1} (Hesthaven & Warburton, 2008; Milton
& Stegun, 1964, p.47 and eq. 25.4.32 respectively).

Because the expansion coefficients fj,,, of the spherical harmonic expansion
depend on ¢ € R4+, d + 1 Lagrange polynomials are used to form the tensor
product, which in this context is just the ordinary product of the polynomials.
For example, for d = 2, £ = (x,y,p) € T c R%*! and the set of functions
defined on the cell T'is

QX(T) = span{¢;(x)¢;()m(p)}  withi,jm€{0,....k}. (6.9

We note that Q¥(T) is a vector space with dimension dim(Q*(T)) = (k + 1)4+1,
The space QX(T) can only be used to represent one of the n = (I, + 1)
expansion coefficients that we collected in the vector f. We remedy this with
a copy of Q¥(T) for each expansion coefficient, i.e. we introduce the space
[@*(T)]" with dimension dim([Q¥(T)]") = n(k + 1)4+'. Notice that [QX(T)]"
is a space with vectors ¢ € R whose components are elements of Q%(T), i.e.
they are linear combinations of the products of the Lagrange polynomials.
Eventually, the space V}, can be defined as the direct sum of [Q*(T)]" over
of all cells, i.e.
V= @D [akm)1. (6.10)
TeIy,
This means that every element in 1}, is a sum of the polynomials defined on
each cell. Since there is no requirement that this sum has to give a continuous
function at the cell interfaces, elements of 1}, are expected to be discontinuous at
cell faces. Such a space is called a broken polynomial space (Di Pietro & Ern, 2012,
Sections 1.2.4.2 - 3). Moreover, it is from this that the discontinuous Galerkin
name arises. As stated in the definition of the discrete solution, presented in

SCf. deal.ii manual (FE_Q)
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eq. (6.7), the functions #;(x, p) are the basis vectors of V. The total number of
DoFs is the same as the total number of basis functions, namely

N = card(%;) dim([Q*(T)]") = card(J;)n(k + 1)4+1, (6.11)

where card(7,) is the number of cells in the triangulation 7.

As with all FEMs, we seek to construct a linear system to determine the DoF
§i(t). This is achieved by multiplying eq. (6.4) with a basis function ¢; € V;, from
the left, replacing f with its discrete counterpart f; € V,, and integrating the

equation over the domain D = UTe 7 T. This yields

3 f¢i~(atfh+<6ﬁ>fh+m)= 3 f¢i'(at¢j+<5ﬁ>¢j+R¢j)s3
T T

TE,'Th TE.Th
= > f¢i-s (6.12)
TE:Th T

for each i € {1,...,N}. Notice that the integration variables are implicit to
improve the readability, i.e. we did not include d?+'¢ in the integral expressions.

Keeping in mind that ¢; and ¢; are defined ‘cell-wise’, eq. (6.12) yields a set
of equations for each cell T, which is independent of the set of equations de-
termining the coefficients ¢; on the neighbouring cells. In the language of FEMs,
the degrees of freedom on one cell are decoupled from the degrees of freedom
on neighbouring cells. Physically, we expect a flux from one cell to the next,
because we are solving an advection equation. Thus, we expect that the degrees
of freedom of different cells do couple and, hence, the linear system will
not yield a correct approximation of the solution to the system of PDEs given in

eq. (6.2).

6.1.3 NUMERICAL FLUX

The usual approach to enforce a coupling of the DoFs on neighbouring cells is
to manipulate the linear system in such a way that there is a flux from one
cell to the next, while taking care that the original equation (6.4) is recovered
if we use the exact solution f instead of its approximation f, i.e. that the
manipulated system is consistent with the original problem.

To investigate the fluxes between the cells, we integrate the advection term
B - V£, by parts and apply the divergence theorem, i.e.

D f(¢i)kﬁ%zva(fh)l
T

TE.Th

-y f e (@ORBL ) — f GOV oBE(Fr — f o @OBE(F
oT T T

TeIy

=S [ 4--Bfa- f b (V-B)fn— f V- Bfn,  (6.13)
T T

TE.Th oT
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T T,
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nrp
—

Jn2

F

Figure 6.1: Two adjacent cells T; and T,. The discrete representation of the
solution f, is not continuous on the cell interface (Di Pietro & Ern, 2012, cf.
Fig. 1.4).

where 0T denotes the surface of the cell T.

We define the vector J := (n - B) f that has the physical interpretation of a
flux in the direction of the normal n. This becomes clear when we look at an
arbitrary component, say (J); = ng8{j( f); = n.Jj;*- The matrices % ‘mix’ the
components of f, which results in a current density j;. This current density is
projected onto the normal n and each component of (J); is the projection of a
different current density j; onto n.

In a next step, we focus on the sum over the surface integrals in eq. (6.13)
and, in particular, we will look at a single cell interface F as the one depicted in
Fig. An integral over such a cell interface F consists in a contribution from
cell T; and another contribution from cell T,, namely

f¢i1 “(nr, - B)fny+ ¢, - (nr, - B)fny

F (6.14)

= [ 8- - Bfs — - )
F

The introduction of the subscript 1 and 2 reflects that the basis functions of
V,, are defined on each cell, i.e. there is a set of basis functions defined on T;
and another one defined on T,. Moreover, the outward normal ny, = ny and
nr, = —ng, see Fig. ﬂ Note that the flux through F is not unique, because f),
is discontinuous. Physically, we expect that f is continuous and, hence, that
the flux is single-valued, which motivates the replacement of the two fluxes
appearing in eq. with a numerical flux Jp(fp,1, fr.2), which is a single-
valued function of both values of f},. To ensure consistency, we have to require
that the numerical flux reduces to the physical flux, if we use the exact solution
frie. Je(f,f) =J = (n- B)f. Using the numerical flux changes the integral
over the cell interface F in eq. to

f (81— 81) - Je(Fnrs Fra) = f [80 - Fe(Frr o) (6.15)
F F
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where we defined the symbol [[¢;] to denote the jump of the basis functions at a
cell interface.

We now replace the sum over the surface integrals in eq. (6.13) with a sum
over cell interface and boundary face integrals, namely

3 faT¢i-(n-ﬁ>fh

TeIy,

. . (6.16)
Y f DA DI f & TEFn).

FeF} VF FeFb JF

We stress that the above transition includes the usage of the numerical flux,
which is a deliberate manipulation of the linear system (6.12). Furthermore,
we introduced the sets % and %” whose elements are the cell interfaces and
the faces of the boundary cells respectively. JZ(f,) denotes the numerical flux
through the latter.

Eventually, we obtain the manipulated linear system for the coefficients ¢
that couples neighbouring DoFs through two replacements: First, we replace the
sum over the surface integrals in eq. (6.13) with the sum over the face integrals
in eq. (6.16). Secondly, we replace the advection term in the original linear
system (6.12) with the result of the previous replacement. This yields

i Orfn + i fR— (V- - [(V¢;- 6.17
Tg}hf#’ i qub{ V- B)} fr fT(qbﬁ)fh (6.17)

S (180 -GG fan+ S [ 835G = S f ¢
T

FeF} 'F Fesp 'F TeTn

for each i € {1,...,N}. We note that this is a system of ordinary differential
equations (ODEs) which determines the degrees of freedom ¢j(¢) of f, see
eq. (6.7). We call the system semi-discretised, because it is discretised in space
but not in time.

Whether the solution to the system of ODEs (6.17) approximates the exact
solution f depends on many things, inter alia, on the choice of the numerical
flux J- and on the time stepping method used. For example, an explicit Runge—
Kutta method (ERK) of order two (or three) only converges over time if we
assume that the exact solution f and the source term s are smooth enough. We
note that any time stepping method only converges if the time step is chosen
in agreement with a suitable CFL-conditiorﬂ We conclude that if we choose
an appropriate flux, together with an ERK method, and if the exact solution
and the source term are smooth enough, the dG method converges in time and
space to the exact solution (Di Pietro & Ern, 2012, Lemma 7.27 and Lemma 7.28
and references therein).

®Information on time stepping methods like ERK can, for example, be found in Hairer et al.
(1993, Chapter II) and an explanation of the CFL-condition is given in LeVeque, 2002, Section 4.4
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In general, there are many different choices for the numerical flux, a typical
one for a system of equations is the (local) Lax-Friedrichs flux (Cockburn, 1998,
p. 204). However, if a problem is advection dominated, it makes sense to use
this knowledge to determine a more precise numerical flux. An upwind flux
does exactly this, cf. LeVeque (2002, Section 4.8).

The upwind flux is defined as

jg(fh,l’fh,z) =WAW fri+ AW f),,) (6.18)

where W and A are the eigenvectors and eigenvalues of the matrix (n - §). The
eigenvalue matrix is written as a sum of two matrices, i.e. A = A, + A; where
A, is a matrix with positive eigenvalues and zeros on its diagonal and A_ is a
corresponding matrix with the negative eigenvalues and zeros on its diagonal.
This definition of the upwind flux can, for example, be found in Hesthaven and
Warburton (2008, Section 2.4).

We briefly summarise an insightful physical interpretation of the upwind
flux (cf. LeVeque, 2002, p. 47). We study a system of advection equations with
initial conditions that are discontinuous at x = 0, i.e.

fi <0
0,q(x,t) + Ad,q(x,t) =0 with q(x,0) := q° := G forx . (6.19)
q, forx>x

Such a problem is called a Riemann problem and we emphasise that it has to be
solved at each cell interface F, because f, is discontinuous, see Fig. (6.1). The
solution to this Riemann problem is found by diagonalising A = VAV ~! and
multiplying eq. (6.19) with V! from the left. This yields

0, +Ad,g=0 withg:==Vlq, (6.20)

which is a set of decoupled scalar advection equations and the functions ¢
are called characteristic variables. The decoupled advection equations have the
solutions (§);(x, t) = (§%);(x—2;t) = (V~1q°);(x—A;t), which can be interpreted
as ‘shifting’ the values of the transformed initial conditions §, in time at a speed
determined by the eigenvalues 4;, i.e. the profile g° given at ¢ = 0 is advected.
The corresponding flux is 4;(¢); and the sign of the eigenvalue determines its
direction.

Bearing in mind that (n - B) is symmetric, the terms W f}, ; in the upwind
flux (6.18) can physically be interpreted as the characteristic variables of the
Riemann problem at a cell interface F. They are multiplied with the eigenvalues
of (ng - B), which yields a flux. Positive eigenvalues result in a flux pointing in
the direction of the normal ny and negative eigenvalues produce a flux pointing
in the opposite direction. The idea of ‘upwinding’ is to use fj ;, i.e. the value of
Jn on the left side of the interface, to compute the flux along np and f), , for
the flux in the opposite direction. Eventually, the fluxes are multiplied with W
to restore the original variables.
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A local Lax-Friedrichs flux only needs the maximum eigenvalue of ng - 8
whereas an upwind flux requires the diagonalisation of n X n matrices, where
n = (lyax + 1)%, at each interface in every time step. We note that the size of the
matrices grows quadratically with the order of the spherical harmonic expansion
and, if possible, it is best to avoid the repeated computation of eigenvectors and
eigenvalues of so large matrices.

However, if we restrict the triangulation J, to (hyper-)rectangles, we are able
to avoid the necessity to solve an eigenproblem at each interface. Considering
that all normals of the faces of a rectangle can be chosen to be parallel to the
coordinate axes, the matrix (np - §) simplifies. For example, if we are interested
in the upwind flux through a face whose normal points in the x-direction, i.e.
nrp = e,, then

(np-B) = (ex-B) = p* = U*1 +vA*, (6.21)

where we used the definition of % given in eq. (6.3).
Now, let w be an eigenvector of A* with eigenvalue A, then

(U1 + vAYw = U*w + lvw = (U* + W)w. (6.22)

Hence, w is also an eigenvector of g - e, = f* = U*1 + vA¥, and the corres-
ponding eigenvalue is U* + Av.

We conclude that we have to determine the eigenvectors and eigenvalues
of A* once to get the upwind flux in the x-direction at all interfaces and at all
times, because the eigenvectors of 8* do not change and the eigenvalues can be
updated by multiplying them with v and adding U*, see eq. (6.22).

The same is true for the upwind fluxes in the y- and z-direction. The only
difference is that we do not have to compute the eigenvalues and eigenvectors
of AY and A?. In Sec. 5.4, we showed that all three matrices have the same
eigenvalues and that the eigenvectors of A and A% can be computed by rotating
the eigenvectors of A*.

The upwind flux in the momentum direction, i.e. in the p-direction, is
different, because

DY oy,
(ny - B) = pP = —ym— A" — pa_staAb (6.23)

contains sums and products of the A? matrices and the above arguments, which
we used to avoid finding a solution to the eigenproblem, do not apply. Thus, we
end up solving an eigenproblem at each interface whose normal points in the
p-direction.

6.1.4 NUMERICAL FLUX AT THE BOUNDARIES OF THE DOMAIN

Having defined the numerical flux to be the upwind flux, we almost have an
explicit form of the linear system (6.17), which determines the approximate
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solution f},. ‘Almost’, because we have not yet defined the numerical flux JZ(f},)
through the boundary.

We note that the approximate solution f) must fulfil the zero inflow bound-
ary condition (6.5) and that the choice of J£ can enforce it. It is this idea that
informs the definition of the boundary flux. Assume it was the upwind flux (6.18)
as well and that f, was single-valued on the boundary, i.e. f, = f1 = fna»
then the boundary flux would be

JE(fr) = WA W f + AW f)), (6.24)

and its second term would be the flux into the domain. We can thus enforce
zero inflow by setting

WAW'f, =0 < A_W'f,=0. (6.25)

Notice that A_ W £, ‘picks out’ the inflow part of f;,, because the multiplication
with W7 yields the characteristic variables and the multiplication with A_
eliminates all the characteristic variables which do not contribute to the inflow.
The reason is that the diagonal elements of A_ corresponding to the outflowing
components are zero. This motivates to define the boundary flux to be

JB(fn) = WA, W f),. (6.26)

An implication of setting the inflow components of f, to zero on the bound-
ary is that the discrete solution f, fulfils the zero inflow condition (6.5) (cf.
Di Pietro & Ern, 2012, Proposition 2.7). We emphasise that we do not prescribe
values of f on the boundary to enforce this. It is implicit in the definition of
JE and every solution f, to the linear system (6.17) of ODEs is automatically
in agreement with it. In the language of FEMs it is said that the boundary
conditions are enforced weaklﬂ which is typical for dG methods.

At the end of this section, we take up a loose thread and note that we now
have the concepts to properly define the meaning of f~ used in the formulation
of the zero inflow boundary condition, namely we formalise the ‘picking-out’ of
inflow components by introducing the matrix 1_ that has ones where A_ has
non-zero entries and zeros everywhere else. We use this matrix to define the
inflow part of f,ie. f~:==1_WIf.

6.1.5 TIME STEPPING METHOD

With the definition of the boundary flux we finally have an explicit expression
for all the terms in the system of ODEs (6.17) and we can now solve it using any
of the standard time stepping methods.

"Weakly enforced boundary conditions do not hold on every point on the boundary, they only
hold almost everywhere.
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In a first step, we bring the system of ODEs in a particularly simple form to
ease the application of a time stepping method, i.e.
d¢
M=
dt
where the components of the vector ¢ are the degrees of freedom of the approx-
imate solution fy, see eq. (6.7). Furthermore, we introduced the symbols

+ D(t)$ = h(t), (6.27)

(M);; = . f¢i P
TeT, YT
©y= Y [#-R- Bl - [V
TeTy YT T
o o (6.28)
+ 25 | Iel T g+ D | ¢i-JR(#) and
FeF} VF Fegb JF
(W= 2, | ¢is.
TE.Th T
We apply the ©®-method to time step, i.e.
e il S (1-0) (k"' —D" ¢ )+ 0(h" - D"),  (6.29)

At

which allows us to switch between an implicit and an explicit time stepping.
The superscript n means that the respective quantity is evaluated at time step n,
for example, {" := {(nAt). © takes values in the interval [0, 1] and ©® = 0 results
in the forward (or explicit) Euler method, © = 1 gives the backward (or implicit)
Euler method and ® = 1/2 corresponds to the Crank-Nicolson method.

The initial conditions ¢° for eq. (6.27) are the coefficients of f,(0) = ¢(t =
0)¢;, i.e. the coefficients of the approximate solution at ¢ = 0. We use the initial
condition f(x, p,0) = f° for the exact solution to compute ¢°. This is achieved
by projecting the initial conditions onto the finite element space, i.e.

> L¢ifh(0)= >

TE.Th TE.'Th

/ o0t =0 =M,y = T f ¢ (6.30)
T TeT, T

The solution to this linear system of equations is ¢°.
We highlight that the @-method is an implicit method for ® > 0, i.e. {"
appears on both sides of eq. (6.29)). We rearrange eq. (6.29) for {" and arrive at

(M + AteD")¢" = (M — At(1 — @)D" 1) ¢t + At ((1 — ©)h"™ ! + OR™) .

This linear system of equations is solved iteratively in every time step.

We implemented the dG method and the ®-method, as outlined in this
section, using the finite element library deal.ii (Arndt et al., 2021, 2023) in a
free and open-source code called Sapphire++. We also implemented an explicit
fourth order Runge-Kutta method (ERK4) in Sapphire++.
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Table 6.1: Units and their reference values in Sapphire++

Unit Definition Reference Value

t* tw, @, =qB/m 9.579 x 1073 st

x* x/gg re = me/qB  3.130 x 10'° m 10~%pc

p* p/p p = mc 5.014 x 107%kgms™ 938 MeVc™!
v* v/c c 2.998 x 108 ms™!

q* q/q q:=e 1.602 x 10719 C

m* m/m m:=m, 1.673 x 10727 kg 938 MeVc 2
B* B/B B 1.000 x 10710T 1 uG

6.2 TESTS AND SIMULATIONS

In this section we investigate the abilities of Sapphire++ in two examples and
eventually we apply it to simulate the acceleration of particles at a parallel shock.

The two examples have been selected to showcase specific features of the
code and to highlight its numerical accuracy. In particular, the first test case
shows that the dG space discretisation together with the various time stepping
method convergences as theoretically expected. The second test case investigates
consequences of the truncation of the spherical harmonic expansion at finite
order [ ... The last example, i.e. the simulation of diffusive shock acceleration
at a parallel shock, shows that Sapphire++ is applicable to actual astrophysical
scenarios.

We use dimensionless units when solving the system of PDEs (6.1). The
definitions of the units and their reference values are given in Tab. 6.1. Length
and time are defined in terms of a reference gyroradius and a gyrofrequency,
motivated by the fact that Sapphire++ is written with physical effects occurring
on gyroscales in mind.

The Sapphire++ code is designed in a way that the different terms of the
VFP equation can be included or excluded in the simulation as required. We
apply the following naming scheme:

time-evolution term  spatial advection term momentum term
of of DU, au, of
- Ul +vA%) —— — (ym Ad ——A8Ab | = 6.31
5 UL+ uAD FG (y Dt ' T Paxa )ap 6.31)
1 DU oub
+ (Eeabc Dt AbQc + €bed axd AaACQd>f— cua.Qaf + VCf = S
momentum term rotation term collsion term sourcTsd term

We emphasise that it is possible to solve the above equation for different config-
uration space dimensions, namely for x € R¢ with d = 1, 2. If the momentum
terms are deactivated, i.e. if monoenergetic particles%8 are simulated d can equal

8Up to now, Sapphire++ can only simulate up to three dimensions of the reduced phase-space,
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3. Additionally, we allow to choose between a linear momentum variable p
and a logarithmic momentum variable In p. The momentum terms are adapted
accordingly.

The first two examples retain the time-evolution, the spatial advection term
and the rotation term. In the case of the acceleration of particles at a parallel
shock all terms are included in the simulation. We note the three test cases are
structured in the same way. They start with a description of the equations that
are solved numerically and continue with explicitly stating which parameters
we used for the presented simulations, i.e. how we setup Sapphire++. They
end with a short discussion of the aspects we would like to demonstrate with
the tests.

6.2.1 CONVERGENCE STUDY

In this example we demonstrate the numerical accuracy of the dG space dis-
cretisation and four different time-stepping methods by simulating a simple
test-case whose exact solution we present in the next subsection. Moreover, we
study how this accuracy changes with different time steps, cell sizes and the
polynomial degree of the dG basis functions described in Section (6.1.2).

DESCRIPTION We consider a mono-energetic distribution of particles in a static
background plasma (U = 0) that is permeated with a magnetic field (B = Bye,)
with no scattering between the particles and the plasma (v = 0). This amounts
to neglecting the collision, momentum and source terms in eq. (6.31). We allow
only spatial derivatives in the x-direction reducing the spatial advection term.
In this case the system of equations (6.1) reduces to

af+Axf

5~ @ f = 0. (6.32)

Physically, the system models a distribution function f, homogeneous in y and
z, that describes charged particles gyrating about B in the x — y plane.

To arrive at an analytic solution, we consider a toy model and truncate the
spherical harmonic expansion at [,,, = 1. We compute the corresponding
matrices A, and Q, with the formulae presented in eq. (B.4) and (B.7). This
gives

0 0 vA3 0 0 0 0 O

6f 0 0 0 0 6f 0 0 —-w, O

at " U/\/E 0 0 0 ax 0 w, 0 0 f—O, (6.33)
0o 0 0 0 0 0 0 ©0

&. If the momentum term is deactivated, the reduced phase space is equivalent to configuration
space £ = x, i.e. simulations in up to three physical space dimensions are possible.
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where f = (fooo fito fioo fiz1)'- An immediate consequence is that fi;; =
const.. We, thus, restrict the above system of PDEs to the first three expansion
coefficients. For the initial condition of the zeroth order expansion coefficient,
we choose a periodic function with period L, namely

fooo(0,x) = 37 Cpexp(ik,x)

n=—oo

where k,, := 2zzn/L is the wave number and C,, € C. The other three expansion
coefficients are identically zero, i.e. f1;0(0,x) = fi00(0,x) = f111(0,x) = 0.
Moreover, we assume periodic boundary conditions for a box with length L,
namely f(¢,0) = f(t,L). The periodic boundary conditions in x justify the
solution ansatz

o3 o fn,l(t)
F&,x)= 3 fa@®explkax) = 3, | fo2(0) |exp(ikyx). (6.34)
n=-00 n=-co fn,3(t)

Plugging this ansatz into the restricted eq. (6.33) and using the orthogonality
of the functions exp(ik,x), we arrive at a system of ODEs for the expansion
coefficient f,,, i.e.

0 0 ik,v/A/3
+( o 0 —w, |fu=0.

iknv/\/§ w, 0

with the initial conditions f, 4(0) = C,, and f,, 1(0) = £, ,(0) = 0. To solve it, we
diagonalise it: The eigenvalues of the above matrix are

Ao=0 and A, = *i\/w2+&2, (6.35)

where we defined ¢, := knv/\/g and its eigenvectors are

iw, /8 iu/\J @R+ 8 =i/ @R + G
VL —w N[+ G w\JwE+ G| (6.36)

0 —i —i

ofn
ot

The solution of the diagonalised system of ODEs thus is

D,

Ful) = VA () = | Dof2exP (i\/ wz + S”rzﬂ) , 6.37)
D;/2exp (—i@t)
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where Dy, D, and D; are complex constants of integration and, having in mind a
later conversion to real quantities, we separated out the factor 1/2. We multiply
fn with V'to get the original coefficients f,, i.e.

Jno(®) = iw—nle + J%% [% exp (i\/ + ¢at ) -= exp( i\/ w3 + Crzzt)]

Jn1(t) = Dy — \/% [% exp (i\/ + Gat ) - = eXp( i/ w2 + §r21t)]
wz + ¢

fr2(®) = —i [% exp (i\/ + ¢z ) + == exp( in/ wZ + g“%t)] ) (6.38)

Combing the above equations with the initial conditions for f,, we get a linear
system of equations for D;, D, and D; whose solution is

ici_n 1+ (§C Ty and Dy = 11_/_9
z n'=z Cl)% + ;a%

In a last step, we use the obtained solution f,, in our ansatz for f, see eq. (6.34),
together with the fact that the expansion coefficients fyq9, fi10 and figo are real.
The latter implies for the initial condition of fy,, that C,, = C*,,. If we define
C, :=A,/2—iB,/2for n > 1 and C, = A,, the solution to eq. is

Jooo(t, x)= Z T [w% + {2 cos (\/ w? + {%t)] [4,, cos(ky,x) + B, sin(k,x)]
firo(t, x)= Z Zg’; [cos (\/ w2 + Q’,%t) - 1] [A,, sin(k,x) — B, cos(k,x)]

D1=— Cl’l'

froo(t, x)= Z [A,, sin(k,x) — B, cos(k,,x)]
n=1 , / é’n
fin(t,x)=0. (6.39)

Notice that §, = 0.

SAPPHIRE++ SETUP We emphasise that the solution presented in eq. (6.39) is
the mathematical solution to the system of equations (6.33), and not the physical
solution that one could in principle determine, for example via Liouville’s the-
orem. This allows for a direct comparison with the numerical solutions that we
compute with Sapphire++, including the time-evolution, spatial advection and
rotation terms. To match the analytic solution, we choose the dimension of the
configuration space to equal one, and we set the expansion order to [,;,,, = 1. For
the numerical value of the B-field we prescribe B* = 27e,. Here, the asterisk
means that the quantities are given in the units described in Tab.|6.1. We fix the
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energy of the particles to y = 2, implying that w} = q*B;/(ym*) = 7. To ensure
positivity of fy09, We consider for the initial condition A, = 2 and B; = 1, all
other A,,, B, being set to zero. The size of the box is L* = 20.

Since this is a one dimensional example, the computational grid (or mesh)
is a line in all computed cases. The cells have the size h = Ax* = L*/N_qs.
Simulations are run until ¢ = 10/w}.

RESULTS In this example we are interested in quantitatively comparing the
numerical solution to the analytical solution. We restrict ourselves to the iso-
tropic part fyoo of the distribution function f and, thus, introduce the L, norm
of the error of fyq, i.e.

1/2
[550.0 = oo = ( f | () — fOOO(x*,t”)|2dx*) . (6.40)
L*

where fit,, ,(x*) is the numerical approximation of the solution at time step ¢".
This means that we do not integrate the error over time. Instead, we introduce
the maximum relative error,

st
max rel. I? error := max , (6.41)
tn |

Jooo,n

L2

where the maximum is that of all time steps.

The plot at the top of Fig.|6.2/ demonstrates how the error changes when
we reduce the time step At* for a fixed spatial resolution Ax*, comparing the
different time-stepping methods implemented in Sapphire++. Each data point
corresponds to one simulation run. In all these simulations, we use a high
spatial resolution of Ax* = L*/64 = 0.3125 with polynomial degree k = 5. This
ensures that the numerical error of the time-stepping methods is larger than
the spatial discretisation error.

The explicit fourth order Runge Kutta (ERK4) and forward Euler (FE) meth-
ods are only shown for time steps respecting the following CFL condition (see
for example Cockburn, 1998, Sec. 2.3.3 and Di Pietro & Ern, 2012, Sec. 3.1.4):

1 Ax*

At* < top A ———
= L 2k 4+ 1 Bihax

(6.42)
Biax = U™ + AmaxV™ is the maximum velocity of the spatial advection term, with
Amax the maximum eigenvalue of the A* matrix. In this example 3}, = v* /\/5.

The error associated to the ERK4 and FE methods scale as At* and At respect-
ively, as expected. For ERK4 the spatial error dominates when At* = 1073, and
the error plateaus. The error of the Crank-Nicolson (CN) method scales as At?,
while the implicit backward Euler (BE) method is only first order accurate in At
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Figure 6.2: Top: Convergence in At* for different time-stepping methods with

Ax* = L*/64 and k =

5. The CFL condition is violated for At* > tcp &~ 1072

Bottom: Convergence in Ax™ for different polynomial degrees k with ERK4 and

At* = 1072,
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for small time steps, though the error saturates for large At due to the bounded-
ness of the analytical solution: Large errors of the time stepping method cause
the numerical solution and the analytical solution to be represented by cosines
of different frequencies. Thus the error is bounded by the amplitude of the
cosines.

The plot at the bottom of Fig. 6.2 shows the convergence with respect to
the spatial resolution Ax™* for different polynomial degrees k. For these simula-
tions we used the ERK4 method with a fixed time step At* = 1072, respecting
the CFL condition and ensuring that the time stepping error is subdominant
(max rel. I? error ~ 107° ). The error is therefore dominated by the spatial
discretisation error up to very high spatial resolution. As expected this error
scales as Ax**1 (Cockburn, 1998, Sec. 2.2.4).

6.2.2 ADVECTION IN A CONSTANT MAGNETIC FIELD

As we represent the single particle distribution function f with a series of spher-
ical harmonics, a truncation of this series can result in a discrepancy between
the physical solution and the numerical solution computed with Sapphire++.
In this example we once more consider a test case for which the physical solution
is known precisely and demonstrate how truncating the expansion at a finite
l...x affects the solution.

DESCRIPTION The test scenario studied in this paragraph is very similar to
the one of the previous example, i.e. we compute the distribution of charged
and monoenergetic particles moving in a background plasma with a constant
magnetic field B = Bye, in which the particles are not scattered (v = 0). We
consider two cases, one in which the background plasma is static (U = 0) and
another one in which it is moving at a constant velocity U = U, (ex + ey). This
example is 2D; & = (x,y)". The corresponding system of equations is
%—{ + (Up1 + vAY) g—f: + (Upl + vAY) % —w,Q%f =0. (6.43)
It is possible to obtain the physical solution with the help of Liouville’s
theorem, i.e. df/ dt = 0, which holds because we neglect scattering. It implies
that the distribution function is constant along the trajectories of the particles,
i.e. f(x(t), p(t)) = f(xg, po) Where x, and p, are the particles’ initial positions
and momenta. If the phase-space trajectory is x = xy + x(t) and p = po + 7(t),
then f(t,x, p) = fo(x — x(t), p — w(t)) where f; is the initial condition for f.
Because in this example the particle trajectories are known, namely they gyrate
in the x—y plane about the constant magnetic field, we can compute the physical

9If the initial condition would not belong to the Sobolev space H¥*2 but only to H**1, the
error would scale as Ax*+1/2,
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Time: 0 Time: 40

Time: 160 Time: 200

Figure 6.3: Time series showing the advection of the isotropic part of the dis-
tribution function fyy0. We use [, = 3, Ax™ = 20/64, k = 3 and a ERK4 time
stepping method with At* = 0.02.

solution if we specify initial conditions f,. As we use isotropic initial conditions,
fo does not depend on p, and witﬂ@

_ U [ sin(w,t +06) —sin®
X = w, (— cos(w,t + 6) + cos 6

the physical solution is f(t,x,0) = fo(x — x(1)).

Using the physical solution to determine the expansion coefficients fj,,s,
which we compute with Sapphire++, requires to numerically evaluate the
integrals (Y},,s | f) and we prefer to avoid this. We instead exploit the fact
that the distribution function returns to its initial values after one gyroperiod
T, = 2m/wg = 2rym/q. An initially isotropic particle distribution will again be
isotropic after multiples of T, and the isotropic part of the numerically computed
distribution function, namely fyq9, can then be compared to the physical solu-
tion. Notice that if the background plasma is not static, but moves with constant,
uniform velocity, the actual and the numerically computed distribution function

are also translated by a distance |U|T; = \/EUO T, in the direction of U.

SAPPHIRE++ SETUP In the computation of the numerical solution, we include
the time-evolution term, the spatial advection term and the rotation term. As

9Here we use 6 instead of ¢ to denote the gyro phase, because in Sapphire++ X is the polar
direction and in the current example B points out of the x-y plane into the z direction. Moreover,
U, = v, because we only simulate two dimensions.
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the gyration and advection in this example are restricted to the x—y plane, we
set the dimension of the configuration space to d = 2, i.e. £ € R?. We truncate
the expansion either at [ ,,, = 3 or [, = 5 to show how the numerical solution
converges with increasing spectral resolution.

We choose, in numerical units, the following parameters Uy = 0.1, By = 27
and the energy of the particle is set by y = 2. As an initial condition we choose
a Gaussian for the isotropic part of the distribution function:

x*z + y*Z)

252 (6.44)

Jooo(t* = 0,x¥) = exp (‘
All other expansion coefficients are set to zero. The standard deviation is * =
1.5, equivalent to approximately five gyro radii.

The computational domain is a periodic box of size L* = 20 that is uniformly
refined such that Ax* = L*/64. We use polynomials of degree k = 3 in conjunc-
tion with a ERK4 time stepping method. The time step size is At* = 0.02. We
picked the spatial and temporal resolution such that the dominating error is
produced by the cut-off in [ ,,.

RESULTS In Fig./6.3 we show the advecting isotropic part of the distribution
function at different time steps for a moving background plasma. We note that
if we use a periodic box of length L* = NU; Ty with N € N in conjunction with
the prescribed constant velocity, the distribution function will return to its initial
position after N gyroperiods. Note that we chose the parameters such that the
particles described by the distribution function will gyrate N = 100 times before
returning to their initial position at t* = 200, see the lower right plot in Fig.

In Fig. 6.4 the initial condition is compared with the result at t* = 200, by
plotting the residual

| (¥, £ = 200) — fi,(x*, t* = 0)] . (6.45)

Note that the residual is computed with the discrete representation of the initial
condition, i.e. f2(x*), and not with its physical counter part f(:* = 0,x*). This
removes the error that is introduced by the initial projection of the physical
solution onto our finite element space from our comparison. For the case of the
advecting isotropic distribution, we only plot the results for [,,, = 3, whereas in
the static case we compare [, = 3 with [, = 5.

The latter shows that truncating the expansion of the distribution function
at [ .« = 3 results in a solution that deviates slightly from the expected result,
i.e. matching the initial condition. The deviation is greatly reduced for larger
lax- The characteristic ring pattern is also a consequence of the truncation.
Physically, the only frequency in the example is the gyrofrequency. However,
a truncation at a finite [,,, introduces more frequencies, cf. the factor ¢, of
the analytical solutions of the previous example summarised in eq. (6.39). The
difference in frequency leads to the interference pattern that is shown. The fact
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Advection £max = 3 N Static fmax = 3

Figure 6.4: Residual for the different cases. Left: advection (Uy = 0.1) with
lnax = 3, Middle: static (Uy = 0) with [,,,, = 3, Right: static (Uy = 0) with
lmax = 5. Spatial resolution and time step are the same as in Fig. 6.3

that we see rings is due to the axial symmetry of the (numerical and analytical)
solution.

6.2.3 DIFFUSIVE SHOCK ACCELERATION AT A PARALLEL SHOCK

In this example we use Sapphire++ to simulate the time dependent acceleration
of charged particles at a parallel shock front. We will compare the numerical
results with the steady-state solution that we derived in Sec. and with
an approximate time-dependent solution that we took from Drury (1991) and
Forman and Drury (1983).

DESCRIPTION  As done in Sec.|3.3, we presuppose an infinitely planar shock
with both the magnetic field B and the velocity field of the background plasma U
aligned with the shock normal n. The B-field is continuous whereas the velocity
jumps at the the shock, see eq. (3.61). The coordinate system is chosen such that
the x-axis is parallel to the shock normal, see Fig.3.1.2. Using these assumptions
in combination with the diffusion approximation, cf. eq. (3.63), in the semi-
relativistic VFP equation leads to the cosmic-ray transport equation fora
parallel shock.

In Sec.[3.3.1 we derived the steady-state solution for the isotropic part and
the dipole anisotropy using a mixed-coordinate frame leaving the p-dependence
unspecified, see eq. (3.77). We, subsequently, transformed the distribution
function into the rest frame of the shock wave and determined the p-dependence,
namely A(p), for a monoenergetic and isotropic injection of particles at the shock
front, see eq. (3.86). Transforming back into the mixed-coordinate frame, which
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we use in Sapphire++, yields

fix, py) = f2(x, py) + cos e1]011,1(35’ p1) (6.46)
U S
=A (1—3cos@ —1>ex / —1dx) forx <0
(pl) 1 Ul p( A Kl(x, P1)
H(x, p2) = £(x, py) = A(p,) forx >0,
where -
Q 73r ( pi )_ e
A(p) = —_— . 6.47
(p) UrDinj ¥ — 1 \ Dinj (6.47)

This is the distribution function with which we will compare the numerically
computed one.

Up to now, we concentrated on the steady-state solution. We are also inter-
ested in investigating the temporal evolution of the distribution function and
how it compares to the numerical results. Drury (1991, Sec. 3) presented an
approximate analytic expression for the time-dependent spectrum at the shock,
namely

t
Ot x = 0, py) = A(p)E() = Alpy) f ()t (6.48)
0

where, as above, f° is the isotropic part of the distribution and ¢(t) can be
interpreted as the acceleration time distribution at x = 0 for the acceleration of
particles from the injection momentum p;,; to momentum p;, i.e. {(¢) dt is the
probability that it takes the time ¢ to accelerate a particle to p;.

For the case of a scattering frequency that is independent of p and the same
in the up- and downstream of the shock, i.e.

K =k = Av/3 = v*/3v = p*/(Bm*y*v),

the probability density function ¢ and its cumulative distribution function ¢ are

1 £\ 732 —cy(t — c))?
OE Noro <a> exp (1Tczl> and (6.49)

1 2¢2 | & c t a ot
¢(t) = 5 [eXp (C_2> erfC( TCZ + 2_(:2 + erfc Tcz — 2—02 .

where c¢; and c, are the first two cumulants of the acceleration time distribution.
The cumulant ¢, is the mean acceleration time, which is

C1 = byee = <t>

3 jpl<ﬁ+ﬁ)d_p_ r r+1ln 1+ p? (6.50)
U -0, U U/ p 20kvr-1 1+p12nj ’

Dinj
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see Drury (1983, eq. 3.31). The second cumulant c,, which is the variance of the
acceleration time, is given by (see Drury, 1983, eq. (3.32)):

€3 = Ohee = ((£%) = (1)?)

__6 / o (’i N "_5) dp
Ul - U2 pinj U13 U23 p (6.51)

1 rrR+1| 1 1 1+ pi
5 = >— +1n 5 .
1+p1 1+ pip 1+ Pinj

T3ytr—1

We note that the analytic expression for the temporal evolution of the spec-
trum given in the egs. (6.48) and (6.49) is exact, if the diffusion coefficients are
momentum independent and satisfy x,/UZ = x,/Uj (Toptyghin, 1980). How-
ever, in Forman and Drury (1983, Sec. 4) it was pointed out that {(t) could be
used as an approximation to a general acceleration time distribution, i.e. for
arbitrary diffusion coefficients, if the mean acceleration time and its variance
are computed using the formulas presented in the egs. and (6.51). Ad-
ditionally, it is required that {(¢) is normalised to unitF (Drury, 1991, Sec. 3).
Since our diffusion coefficient ¥ does depend weakly on p at low momenta
and is the same in the up- and downstream of the shock wave, we expect the
time-dependent spectrum in eq. to merely approximate the true time
dependence.

SAPPHIRE++ SETUP We note that the setup in this example does not match
exactly the equations used to derive the analytical solution given in eq. (6.46)
and (6.47); for pragmatic reasons, the shock is modelled as a narrow transition
of finite thickness, represented by a tanh profile for the velocity U, and the point
injection of the particles at the shock is approximated with a Gaussian.

In the simulation all terms are included, i.e the time-evolution, the spatial
advection, the momentum, rotation and collision terms, though the rotation term
is not expected to contribute to the solution. The dimension of the configuration
space is set to d = 1. Since the momentum terms are included, the reduced
phase space is £ = (x, p)". We truncate the spherical harmonic expansion
at [, = 1, because in the derivation of the analytical solution we used the
diffusion approximation and the diffusion approximation is equivalent to such
a truncation. The resulting system of PDEs consists of four equations for the
expansion coefficients fyg9, fioo> fizo and fi11- Since we restrict the simulation
to one spatial dimension and choose B and U to be aligned with the x-axis, the
equations for fi;o and f;;; decouple, see egs. (3.67)~(3.69).'2. If the coefficients
are initially zero and the particles are injected homogeneously in the y-z plane,

"We numerically integrated ¢(t) using the cumulants ¢; and ¢, as given in the text and found
that its normalisation is correct within the errors of the used integration method.
1ZNOte that fllO X f% and flll X f%
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they remain so. Thus the only equations containing non-zero terms are

g{_( U v/ﬁ)ﬂ_d_l]( p/3 ym/\/g)g
vA[3 U Jox dx\ymn3 3p/5 )dp

ot
5o R S)r=):

where f = (fyo0 fioo)"- We included a source term on the right-hand side to
represent the injection of the particles (assumed to be isotropic). We note all
quantities in the above equation are dimensionless, see definitions in Tab.

The relation between the isotropic part f© and anisotropic part fi! of the
analytical solution, see eq. (6.46), and the expansion coefficients fyoo and fiq is
determined by the fact that

(6.52)

f(t,x, p,0) = fooo(t, X, P)Yo00 + froo(t: X, P)Y100(6)

= fO(t,x, p) + f(t,x, p)cos 6, (6.53)

which implies that

fo= \/%fooo and fl' = \/ %floo- (6.54)
Vi

Notice that we dropped the distinction between up- and downstream, i.e. we
removed the subscript i. The reason is that the p-variable in Sapphire++ is
defined in the mixed-coordinate frame, and, thus the distinction is implicit.
Practically, if x < 0itis p; and if x > 0 it s p,.

Since the change in p, i.e. in energy, comes from the derivative in the velocity
field U, we cannot use the discontinuous velocity profile described in eq. (3.61).
Instead we approximate it with

k

U*(x) = % [1+r+(1—r)tanh(x*/L3)] , (6.55)

where L is the shock width'?. The shock parameters are chosen such that they
plausibly model a supernova remnant shock. A typical speed for such a shock is
a few thousand kilometres per second, e.g. U = 1/60. Generally, it is assumed
that these shocks are strong, i.e. their compression ratio is »r = 4. The shock
width is chosen to be a fraction of the scattering mean free path, i.e. L = 1/25.
The velocity profile is plotted in Fig. 6.5.

13For a discussion on the effect of a finite shock-thickness, see Achterberg and Schure (2011)
and Drury et al. (1982). The power-law index is modified to

_3r 9 Ul
r—1 2(}’—1)01/1'

For the results shown, the correction is 1073.
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Figure 6.5: A detail from the computational grid of the diffusive shock accelera-
tion simulation. It shows the design of the grid around the shock (highlighted
in a light grey) and how it resolves the velocity profile U(x) (drawn in teal).

We set the scattering frequency to v* = 1. As expected on physical grounds,
the B-field does not appear in the system of PDEs, see eq. (6.52). Nonetheless,
it is included in the simulation and set to B* = Bgje,, where B; = 1. This
implies that the gyro frequency is wg = 1/y and the ratio v*/wz = y, which
means that a low energy particle (y = 1) is scattered once per gyration about the
magnetic field and high energy particles are scattered about y times. Typically
astrophysical plasmas are assumed to be magnetised, i.e. v*/ cug < 1, and, hence,
a constant scattering frequency is not a realistic choice. However, it simplifies
the form of the exponential term in the analytical solution for the upstream
distribution function, see eq. (6.46), and reduces simulation times.

We use a Gaussian distribution of particles to model the monoenergetic
source, i.e.

¥ * )2 *_ pk )2
s(x*, p*) = ﬂg*a* exp (—M> exp (—M) - (6.56)

270p Ox 2032 20’;2

The spherical harmonic expansion of the source is s(x*, p*) = Sp90(x*, p*) Y00
with 400 = V47s(x*, p*). Particles are injected directly at the shock, i.e. Xipj = 0.
The rate is Q* = 0.1 and the injection momentum is p;,; = 2. The standard
deviations of the Gaussian distribution are oy = o, = 1/8.

The initial conditions for the expansion coefficients are f,(t* = 0) = 0, i.e.
initially there are no particles in the computational domain. The boundaries
in x-direction are treated differently in the up- and downstream region. At the
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upstream boundary we use the zero inflow boundary condition as described
above and presented in eq. (6.26). At the downstream boundary, we expect that
the gradient of the asymptotic solution is zero, i.e. df/0x = 0. We thus allow
the inflow to be determined by the values of the approximate solution f) on
the boundary, i.e.

JEfr) = WA W, + AW f) . (6.57)

We refer to this as the continuous boundary condition. The boundaries in p-
direction fulfil the zero inflow boundary condition.

The computational domain is D = [—280,280] X [In(0.1),1n(100)]. We
require the spatial grid to cover multiple diffusion lengths, i.e. LY; := x7/U" =
A0f/(3UY) = 20 ~ x;h,,/14. The dimension in the p-direction covers multiple
orders of magnitude to show that Sapphire++ produces an extended power
law. We adapt the cell size in x-direction to resolve the shock region accurately,
see Fig.|6.5, In the shock region (highlighted in grey) we choose a constant
cell size Ax} = 0.01 whereas the cell size outside the shock region increases as
Axj = sinh(i % 0.01). The coarse resolution in the outer parts of the domain
allows us to simulate large upstream and downstream regions. The cell size in
In p-direction is A In p* = (In(100) — In(0.21))/256 ~ 0.027.

For the time evolution we use the implicit Crank-Nicolson method with the
time step At* = 1. The simulation is run up to a final time of t; = 5 X 10° to
capture the steady-state solutionm

An overview of the simulation parameters is collected in Tab.|6.2.

RESULTS In Fig.|6.6/we compare the steady-state analytic solution with the
numerical solution computed with Sapphire++. In the panel at the top, the
numerically computed spectrum at the shock is compared to the analytic expecta-
tion given in eq. (6.47), i.e. a power law with spectral index « = —3r/(r—1) = —4
and normalisation N := Q*/(pj,;Uy")3r/(r — 1) = 12. The spectral index of the
numerical solution is |, — 4| = 1.5 x 1073 and it extends up to p* = 100,
which is the boundary of the computational domain in the p-direction. The res-
olution of the ordinate of the log-log plot is too low to see that the normalisation
of the numerical solution Ny, = 12.14 is off by (N — N,,;n)/N ~ 0.012 = 1.2%.
We speculate that this discrepancy is due to approximating a point injection of
particles with a Gaussian distribution.

In the panel at the bottom, we compare the spatial profile of the numer-
ical solutions with the analytic solution that we summarised in eq. and
evaluated at p* = 10. The discrepancy between the computed isotropic part
and the analytical result at the left boundary of the spatial domain is due to the
boundary condition that enforces zero inflow. There is also a small difference in
the downstream normalisation, which is not visible due to the log scaling of the

14We confirmed the results using an explicit fourth order Runge-Kutta (ERK4) method. But as
it requires a much smaller time step, we terminated the simulation at an earlier time.
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Table 6.2: Simulation parameters modelling a supernova remnant shock

Parameter Value Description

Uy 1/60 Velocity of the supernova remnant shock

r 4 Compression ratio of the shock

L} 1/25 Width of the shock’s velocity profile

V* 1 Scattering frequency

B; 1 Strength of the magnetic field

Q* 0.1 Injection rate at the shock

Dini 2 Injection momentum of the particles

Xinj 0 Location of the injection

o 1/8 Width of the source in x-direction

o 1/8 Width of the source in p-direction

D [—280, 280] % Computational domain
[In(0.1),1n(100)]

At* 1 Time step size

th 5x10° Final time of the simulation

fO(x*)-axis. This is the same discrepancy as in the normalisation of the particle
spectrum discussed in the previous paragraph.

In Fig. we plot the temporal evolution of the numerically computed
spectrum at the shock’s position for a fixed momentum p* = 59.9 and com-
pare it with the approximate analytic expression given in the egs. (6.48) and
(6.49). Despite the fact that the setup used in Sapphire++ only approximates
the assumptions leading to the steady-state spectrum and its time-dependent
counterpart and the fact that the analytic expression for the temporal evolution
is also merely an approximation, the two curves follow each other closely. This
indicates that the temporal evolution of the spectrum is captured accurately by
Sapphire++.
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Figure 6.6: Comparison between analytical solution and numerical solution.
Top panel: A log-log plot of the particle spectrum at the shock. Bottom panel

A plot of the isotropic and anisotropic part of the distribution function for a
constant momentum.

Coloured plots present the numerical results and the dashed plots show the
analytical solution.

The dotted plots show the width of the source term s(0, p*) (top panel) and the
velocity profile U*(x*) of the shock in its rest frame (bottom panel).
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Figure 6.7: The plot shows the temporal evolution of the isotropic part of the
particle spectrum f© at x* = 0 and p* = 59.9. The dashed curve shows the ap-
proximate analytic expression and the teal-coloured curve shows the numerical

result.
The mean acceleration time is t},. = 78909.74 and the standard deviation is

ok = 48859.1.



CHAPTER 7

CONCLUDING REMARKS

In the introduction we explicitly stated a research question that guides our efforts,
namely ‘How does the non-linear interaction between the particles and the
plasma, in which they are accelerated, influences the acceleration process and
the maximum energy the particles can reach?’. We seek to answer this question
quantitatively using a model that couples a kinetic description of the energetic
and charged particles with an ideal MHD description of the background plasma.
From the perspective of our research question, we haven taken the first step and
developed a robust numerical algorithm that solves the VFP equation.

We pass the important milestones in review. The first two chapters of this
thesis provided us with the basis of our research. In particular, we defined the
one (or single) particle distribution function, see eq. (2.6), and showed that its
evolution is determined by the Boltzmann equation (2.31). We pointed out that
the collision term can be modelled with a Fokker-Planck approach as presented
in eq. (2.62). We, moreover, derived the ideal MHD equations (2.93)-(2.96).
To model the transport of charged and energetic particles that interact with a
tenuous astrophysical plasma, we combined the kinetic description and the fluid
description. An essential part of this combination is an explicit expression for the
collision operator. We used the interaction of a charged particle with an Alfvén
wave, supposed to be prototypical for the interactions of the particles with the
background plasma, to derive the expression given in eq. (3.37). Its derivation
assumed that the momentum coordinates were defined in the rest frame of
the wave. This led us to the introduction of the mixed-coordinate system. We
employed a Lorentz transformation to formulate the (fully) relativistic VFP
equation in this coordinate system, see egs. (3.44) and (3.56). The assumption
that the background plasma moves with velocities that are small in comparison to
the speed of light, allowed us to drop terms of the order O(U/c) in the relativistic
VFP equation. The result was the semi-relativistic VFP equation (3.60), the
starting point of our research.

The key concept of our approach towards a solution of the semi-relativistic
VFP equation is the spherical harmonic expansion of the single particle dis-
tribution function. It mitigates computational costs, because it separates out
the angular dependence in momentum space and, thus, reduces the number of
independent variables from six to four. The spherical harmonics are a basis of
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the space of the square integrable functions that are defined on the unit sphere.
This space is a Hilbert space and it is the theory of Hilbert spaces setting the
mathematical framework of our research. In Chapter|4 we derived formulae to
convert between the coefficients of the spherical harmonic and, the equivalent,
Cartesian tensor expansion. The formulae are based on the insight that both
expansions represent the same function, though using a different basis in the
space of spherical harmonics. They, thus, take the form of the basis transform-
ation stated in eq. (4.42). To derive the basis transformation matrix we took
advantage of the fact that the relation between the coefficients of the (Cartesian)
and spherical multipole expansion of the electrostatic (or gravitational) potential
is the same as the relation between the expansion coefficients representing the
distribution function. This implies that the formulae can also be applied to
convert between spherical and Cartesian multipole moments, broadening their
scope considerably. A highlight of our derivation is the introduction of a new
definition of the (Cartesian) multipole moments that is based on the Kelvin
transform, cf. eq. (4.7).

Expressing the single particle distribution function as a series of spherical
harmonics comes at the cost of replacing a scalar partial differential equation,
namely the VFP equation, with a system of PDEs that determines the unknown
expansion coefficients. In Chapter |5/we presented a new method to derive the
system of PDEs. The method is based on operators that act in the Hilbert space of
spherical harmonics and their representation matrices, see Sec. 5.1. It allowed us
to show that the representation matrices, out of which the system of PDEs is built,
are related to each other via rotations of the spherical harmonics, see egs. (5.48),
and (5.51). This in turn implies that the representation matrices have the
same eigenvalues and that their eigenvectors are rotated versions of each other,
see egs. (5.67) and (5.68). In Sec.|5.4.2 we showed that their eigenvalues are
the roots of the associated Legendre polynomials. The fact that the spherical
harmonics are complex whereas the single particle distribution function is
real implies that system of PDEs contains linearly dependent equations. In
Sec.|5.3 we demonstrated that a basis transformation from the complex to the
real spherical harmonics removes the redundant equations.

In Chapter |6 we solved the system of PDEs numerically with the discontinu-
ous Galerkin method. The perspective of the operator method enabled us to
identify the system of PDEs as a system of advection-reaction equations, which
are particularly suited for an application of the dG method, see the formulation
in eq. (6.4). To the best of our knowledge, it is the first time that the dG method
was used in conjunction with a spherical harmonic expansion. In Sec.|6.1 we
therefore described in detail how it is applied to the system of advection-reaction
equations. An essential part of the dG discretisation is the choice of the numer-
ical flux. We decided to use an upwind flux, because it stabilises the method.
This choice forces us to solve a Riemann problem at each cell interface, however,
we exploit our knowledge about the eigenvalues and eigenvectors of the rep-
resentation matrices to avoid this in the spatial directions of the computational
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domain, cf. Sec.|6.1.4. In the p-direction we numerically compute the necessary
eigenvalues and eigenvectors. We implemented the dG method using the finite
element library deal.ii and called our implementation Sapphire++. We used
a toy model to test the spatial and temporal accuracy of Sapphire++. It behaves
as theoretically expected, see Fig. 6.2. In Sec. 6.2.2 we also investigated the
effects of truncating the spherical harmonic expansion on the qualitative beha-
viour and the accuracy of the numerical solutions. Eventually, we simulated
the acceleration of charged particles at a parallel shock and demonstrated that
the result agrees with the analytical solutions that we presented in Sec. 3.3.1.
This is shown in Fig.|6.6/and|6.7. We conclude that Sapphire++ is ready to be
used in astrophysical applications.

Coming back to our research question, it is clear that numerically solving
the VFP equation is only the first part. Our future efforts will centre about
the implementation of the ideal MHD equations to model the background
plasma and finding ways to couple the two codes. This would allow us to study
self-consistently how the feedback of the particles changes their acceleration.
Though, we would like to mention that other research directions are possible,
namely the inclusion of higher-order relativistic corrections for relativistically
moving background plasmas, see e.g. Appendix|C.2, or an extension of the dG
method to inertial confinement fusion plasmas.



APPENDIX A

CARTESIAN TENSORS AND SPHERICAL
HARMONICS

A.1 NOTES ON THE DEFINITION OF THE CARTESIAN MUL-
TIPOLE MOMENTS

A.1.1 THE MULTIPOLE MOMENTS ARE TENSORS

We would like to use our definition of Cartesian multipole moments, which
is given in eq. (4.6), to show that they are tensors. In the physics literature a

rank I-th tensor T is defined as a quantity having 3! components Tigl_)”l-l, which
transform under coordinate transformations according to the following scheme
(cf. Goldstein et al., 2014, p. 189):

NOEEE i j; (D
70, = @yh - @ T

Our definition of the Cartesian multipole moments implies this, i.e.

A Al oN N 130 aron- | 3 s 1 .
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Note that we dropped the primes in the definition of the Cartesian multipole
moments to increase the readability.
A.1.2 THE P OPERATOR

We defined the P operator implicitly using the description: “[It] produces the
sum over the pairs of indices needed to assure symmetry”. We now give a more
explicit definition.

P acts on a product of components of x and Kronecker deltas, i.e.

P(5i1i2 5i2k—1i2kxi2k+1 xil)'

177
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Note that there are k Kronecker deltas and [ — 2k components of x.

The P operator produces a sum of products, which must not change if arbit-
rary indices are exchanged, i.e. which is symmetric. Moreover, note that in each
product all indices are distinct (no index appears twice).

For k = 0, we define

p(xil X)) = Xy e X
Note that a product is commutative, hence this (trivial) sum is symmetric. For
k = 1, one Kronecker delta is part of the products, and the sum created by P
will be symmetric, if it contains all the terms (products) with Kronecker deltas
whose two indices correspond to all possible pairs, which can be formed from
the l indices. For example, if | = 3, then there are (;) = 3 pairs of indices and
accordingly

P(x;,811,) = X1, 8y + X, 810, + xi35ii1i2 .

This guarantees the symmetry of the sum, because whenever an index of a
Kronecker delta is exchanged with another index (may it be an index of a com-
ponent of x or of another Kronecker delta), the newly created pair is matched
by another term with a Kronecker delta whose pair of indices turns into the
Kronecker delta’s original combination of indices. Generally, if k = 1, the sum
produced by P contains (é) terms.

k Kronecker deltas need to be equipped with k pairs of indices. Since no
index appears twice in a product, the pairs must be distinct, or more technically,
disjoint. We can collect all distinct pairs in a set. The P operator must produce a
sum over all sets of distinct pairs of indices to make it symmetric. For example,
if | = 6 and k = 2, the product &; ; &;,;, X, X;, Will be part of the sum. The set of
distinct pairs is {(iy, i), (i3, i4)}. If you exchange an index of one Kronecker delta
with an index of the other, then a different set of distinct pairs is created. And to
make the sum symmetric, another term whose set of distinct pairs (pertaining
to the Kronecker deltas) matches the newly created set must be included in
the sum. Because a corresponding exchange of indices in the other term’s set
of pairs recreates the original one. Moreover, if you exchange an index of a
Kronecker delta with an index of a component of x, a new set of distinct pairs is

created, which also requires its counterpart to keep the sum symmetric. Hence,

P produces .
D)0 (1
(Zk) ) (zk)(zk 1 (A1)

terms. The first factor counts the number of possible combinations of indices,
which are then available to form sets of distinct pairs from them. The second
factor counts the number of possible sets of distinct pairs. One way to approach
the second factor is to think of a tennis tournament. In its first round you have
to think of whom plays against whom and this is tantamount to build sets of
distinct pairs. If you like to know how many sets there are, you can do the
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computation encoded in the second factor: choose two players from all the
available players, then choose two players form the left over players and so on.
Since the order of the formed pairs is irrelevant, you divide by k! (note that there
are k pairs).

Building the products in the sum, produced by the P operator, can be done
systematically. Assume there are [ indices.

If you choose from them 2k indices, the possible combinations can be con-
structed as follows: Begin with i;, traverse the tree of possible combinations,
which is determined by the other I — 1 indices and the amount of chosen indices,
namely 2k. The pattern of this traversal is illustrated in the following example.
In a next step choose i, and traverse the tree of possible combinations. But this
time there are only | — 2 indices left to form this tree; proceed until only one
possibility is left. For example, I = 6 and k = 2, then

iiyisiy  iyyisls  iyiglsig
iiyigis iyisigis  iqiyisis
Lisigis 11i3iig

i isisi

1iisis

Lyisials Lpisiaic
bizisie
iplyisic

I3i4isis
are the possible combinations of indices.
In a second step, each combination has to be used to build sets of distinct

pairs. Take for example the first combination i;i,i3is. The possible sets of distinct
pairs are

{(i1, )55 i)} {(i15 1), (i, 14)} and {(iy, i4) (i3, 1)} -

These sets were constructed by swapping the index i, with i; and i,. If it had not
been four but six indices, the sets of distinct pairs would have been constructed
by creating the above three sets with four indices and, subsequently, swapping
one element of the left over pair with all the indices appearing in the three sets.
This process can be continued as needed. The terms in the sum corresponding
to the above sets of distinct pairs are

81,1, 0151, Xis Xig t 011301y XisXig T+ Oiyiy Oiniy XigXi -

The P operator then sums over all sets of distinct pairs which are created for
each of the above combination of indices.
A.l3 C1x COEFFICIENTS

The coefficients ¢; , appearing in the explicit expression for the multipole func-
tions given in eq. (4.11) can be computed. The multipole functions are harmonic
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polynomials, i.e. they are solutions to Laplace’s equation. This implies that

H
0= AMi(ll?uil = cd (|x|2k Rl,zk) (A2)
=0

The product rule tells us that

Afg=Afg+2Vf-Vg+ fAg.
Hence, we calculate the following derivatives

Alx* = 2k(2k + 1) |x|*2
V x| - VR 5 = 2k(l — 2k)|x ™ 7*Ry (A3)
AR = 2k + 2)R) 242 -
The first derivative is a straightforward computation. We explain the second

and the third derivative. We begin with replacing R; ,; in the second derivative
with its definition, i.e.

2k 5jp
0 XI™ TP(Sii; - iy igp Xiggeqs " X)) -
And g |x|2k =2k |x|2k_2 xJ. The action of the derivative with respect to x; on the
terms in the sum produced by the operator P is most easily seen if an example
term is considered, e.g.

Oigiy 5i2k_1i2kaj (xi2k+1 xil)
= Oiiy 5i2k—1i2k5j,i2k+1xi2k+2 e X+ e+ Oy e 5i2k—1i2kxi2k+l e Xig_, Oy -

[ — 2k terms appear. In every term one of the components of x is replaced with a
Kronecker delta. Note that a contraction of the above sum with x/ yields | — 2k
times the original term. Whence,

V %% - VR i = 2k(l — 2Kk) x| 72 Ry 5.

To illuminate the reasoning behind the derivation of the third derivative, we
again consider an example. Let [ = 6 and k = 0, then (by definition) P creates
only one term, namely x; ---x;,. If our expression for the third derivative is
correct, applying the Laplace operator to this term yields the sum, which is
created by P if k = 1, times two. We can compute how many terms we expect
this sum to have with the formula given eq. (A.1), namely () = 15. Computing
A (x,-1 s X 6) gives 30 terms. But, for example,

9 (xi15ﬁzxi3 xia) = o X Gjiy Xig o+ Gji Xig Xig + -

and

aj (xi1 5ji4xi6) =t xi15]i2xi3 é}l'4xl'5xi6 o
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yield the same term if summed over j. Hence, we get 15 * 2 terms and this is
what we expect.

If we apply the Laplace operator to P when k = 1, we expect to obtain the
sum which is created by P when k = 2 times four. For | = 6 and k = 2, the P
operator produces a sum with 45 terms. Applying 4 to P when k = 1, yields
15 % 4 % 3 = 180 terms. Note, this is exactly four times the amount of terms in
R,. And, as the following example shows, the same term in AR, appears four
times, i.e.

-+ 84,1,651,6ji, Xig Xig +

i1i%jiz“jig

=+ 641,651, 6ji, Xig Xig +

i1i%jiz“jig

-t 5131451115]1 XigXig + oo

(51112 ]lsxl4xls xl6

)
(51112xl3 Jl4xlsxl6)
)
)

3 (&; X1, X1, X

9 (5l3l4x11 ]lles xls

i3ig Jll 6

-+ 64,1, 511 Xj Xj + oo
Thus, we get the expected derivative.

This pattern can be generalised to arbitrary [ and k. The number of terms
created when the Laplace operator is applied to R, divided by the number of
terms which is contained in the sum R,y , is

(L)@k = Dl = 2k)(1 — 2k — 1)

=2k+2.
)2k + 1)1

(2k+2

As in the above examples, AR, includes 2k + 2 times the same terms: Two of
them because of the components of x (cf. with the first example) and two for
each Kronecker delta (and there are k of them). Thus,

ARk = (2k + 2)R; 5k 42 -

The coefficients ¢; ; can be determined by plugging the three derivatives,
given in eq. (A.3), into the equation presented at the beginning of this section,
namely eq. (A.2). Collecting all factors in front of |x|2k_2 R,y yields the following
condition

2kcl,k—1 + (2k(2k + 1) + 4k(l — Zk))Cl’k =0.

This condition implies the recurrence relation

ClLk-1

cl,k = —m . (A4)

Eventually, setting ¢; o :== (21 — 1)!! turns it into a closed-form expression

Q-1

QI—D@2—-3) - Q-0Ck=1) (=D*2l - 2k + 1)N. (A.5)

e = (D
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A.2 COMMUTATOR OF THE LADDER OPERATORS

We would like to compute the commutator [L,,D,]. We use that [L;, x/] =
ieijkxk and [L;, d;] = i¢; 0k (cf. Landau & Lifshitz, 1977, p. 84, eq. 26.4-5) to
compute

[L, xI] = ieq jxX — ey j3cxk

and
(L, 0] = i€y — €2jx0k -

Where ¢; . is the Levi-Civita symbol, which is, for example, defined in Jeevanjee
(2011, p. 4, eq. 1.1). Since the commutator is linear, we get

2
[L.D,] = 2[L,,2x™3,,] — [Ly, |6 8,] + [Ly, 2].
With the above formulae, we obtain for the last two terms

[L+’Z] = _(x + 1)’)
(L %2821 = | [y, 0,1 = — |x[* (Bx +16))

Where we exploited that L, does not contain a derivative with respect |x| (cf.
eq. (4.33)) and, hence, we could take |x|* out of the commutator. To compute
the first term we note that

[L,,ABC] = [L,,A]BC + A[L,,B|C + AB[L,,C].
Where A, B and C are arbitrary operators. Whence,

[Ly, 2X™8p,] = —(x + 19X + 2(i€1mk — E2mk) X O + 2(i€1mk — E2mi)X™ O
= —(x +1iy)x"09,,.

In the last step we renamed the indices and used that the Levi-Civita symbol is
antisymmetric, i.e. € = —¢;;j. Using the last three results gives

[L;, D] = —(Dyx + iDy) .

A.3 DIRECT DERIVATION OF THE INVERSE TRANSFORMA-
TION

We derive a closed-form formula for the inverse basis transformation, namely
for ay o - and o7} ¢ -

To this end, we use that eq. (4.8) and eq. (4.16) describe the same potential
¢, i.e.

— 1 ) > ar  q"
i i _ I _Ilym
IZ(:) [1p2l+1 Qg X e X = IZ(:) 2 20+ 1 ey Y ©.9).
= =0 m=—
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Moreover, at the end of Sec. 4.2.2, we pointed out, that the terms in the above
multipole expansion, namely Qfll) ilxi1 .- xU, are homogeneous and harmonic
polynomials of degree I. The same is true for the solid harmonics rlYlm. This
implies that

l

1 : : 47 qm
Qi(l-)--ilel e x = Z 2l+1 r211+1rlYlm(e’ P). (A.6)
m=—I1

1
Np2l+1

The factor 1/r?*1 cancels. We can use the notation introduced in eq. (4.12) to
express the left-hand side of the above equation as

1 (p+q+1! o
— Z —qurxpyqzr = Z
n pramr=l p!q'r! prar=l p!q'r!

Q,(,lq)rxp yiz".

The numerical factor in front of the Cartesian multipole moment Q;(;Qr reflects
that the tensor Q) is symmetric and that index combinations corresponding to
specific values of p, q and r appear more than once. Hence, eq. (A.6) becomes

1 O] ro_ l AT iym
p+qz+:,=l piqir] parx Yz’ = m;_ A e.e)- A7)
The left-hand side of eq. is a linear combination of the monomials
xPydz" with p + q + r = L. If we are able to express the sum of solid harmonics
on the right-hand side of this equation as such a linear combination as well,
we can equate coefficients to determine the Q,SQ,. Since the factors in front of
the solid harmonics are the spherical multipole moments g;", the components

Q,(,gr of the Cartesian multipole moment must be a sum of them. Eg. (4.40)

informs us that we can express the components Qz()lc%r with p > 1 as a sum of
the components with p = 0 or p = 1. Thus, we can restrict our attention to the
coefficients in front of the monomials with p equal to zero or p equal to one.
Furthermore, a look at eq. (4.51), tells us that these coefficients (which must
be a sum of the spherical multipole moments) contain the complex conjugate
of the “To,q,r and ocl"”lyq,r. Hence, we proceed in two steps: First, we express the
solid harmonics as a linear combination of monomials. Secondly, we isolate the
p = 0 or p = 1 part of this sum and, subsequently, equate coefficients.
Step one begins with eq. (4.19), namely

m

Iym — (_1\mNnMl-m
Y6, 9) = (-1 N

B(cos 0)(rsin 6 cos ¢ + irsin Osin )™,

and we use the following closed-form expression of the Legendre Polynomials
1
lEJ l

(—1)j<])(2l _l 2j) cosi=2/ 0
j=o

B(cosb) = %
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to obtain -
= |
r'y™(6, ) = Z R{f’jrzlzl‘m‘zf(x +iy)™.
j=0
Where the numerical factor R 1s defined as

m o (DI (2E=27\  (1=2))!
Rij= 21 Nl(j)( l )(l—2j—m)!'

In a next step, we rewrite the expression in parenthesis using the binomial
theorem. Furthermore, we apply the multinomial theorem to expand the factor
r?. This yields

ll mJ m .
”lYlm(eago) Z Z Zlm R m(ll i 13)

Jj=0 ij+ir+iz=jk=0

(A.8)

% (m xkH2in ym—kct2iy 7l-m—2j+2i5
k

We finished step one: we found a way to write the solid harmonics as a linear
combination of monomials.

We now isolate the part of the above sum where the exponent of x, namely
p = k + 2i;, is either zero or one. Note that if p = 0, then k = 0 and i; = 0. And
since i; + i, + i3 = j, the last statement implies that i; = j — i,. We conclude
that the p = 0 part of the sum is

llzn;J Z lmR’”( ) m+2i5 Hl-m—2i; _ lgjz 1mRm( ) m+2k jl-m-2k

J=0 =
In the last line we relabelled the index i, to k. Since we would like to equate the
coefficients in front of the monomials, we should reorder the above sum such
that all coefficients in front of monomials with specific values of g = m + 2k
and r = | — m — 2k are summed. The result of this reordering is

ngZImR ( ) m+2k jl-m—2k _ ll_ng lIZ';JImRm(') 2k glem=2k

k=0
(A.9)
When isolating the p = 1 part of the sum in eq. (A.8), we get
15
Z Z mim— lR ( ) ym 142k ,l-m—2k
j=0 k=0 (A 10)
[z '

J
E; mim- lR ( xlym 1+2kZl m 2k.
k=0
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Thus, we isolated the p = 0 and p = 1 part of the expression for a solid harmonic
in terms of monomials.

Before we use eq. to determine the components qur via equating
the coefficients of the two polynomials, we rewrite the right-hand side of this
equation as follows

2

Ir!
p+q+r= lpqr

l

47 _
QparxPyiz" = A+1 Y (@™ + (—nmg )
m=0

This equation in conjunction with eq. (A.9) implies for the p = 0 part of the
sums on both sides of it that
!

P — 1 Q¥
=g a2

T =
_ 2l4+1 Z Z_; Z mR () m+2kzl—m—2k (qlm+CIl_m)

m=0| k=0
o e
2 2 i
q=0 =0 j=

In the second line, we once more reordered the sum such that all coefficients
in front of the monomials with same exponents were grouped together. This
implies

(l) *q—2k x—(q—2k) —(q—2k)

Qogti-o) = Z el * Toga o
forq €{0,1,...,l} and where the complex conjugate inverse basis transformation

is defined as
ll q+2k

xq—2k 4 q -2k
- = 70— O Z Ry ( )

x—(q—2k) *q -2k
Note that 1,0,q,(1—q) = %1,0,q,(1-q)"

The above computation can be repeated for the p = 1 part of the sums with
eg. (A.10). This leads to

q

Q(l) ZZDJ *q+1-2k _q+1-2k

*—(q+1-2k) —(q+1-2k)
1q(l-q-1) — A1p,q.-g i

T X1q,0-q i

forq €{0,...,l — 1} with
ll—q—1+2k

Ar 2 k(]
s '.q_zk qfl 2k
T+ 1q.(l q-— D Z R k

J=k

*q+1 2k
U aieg = (@+1-
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x—(q+1-2k) _ _*q+1-2k
Moreover, a;, g 1-g) = ~%19,0-q)"

The presented formulae for the as allow a computation of the inverse basis
transformation matrix A without inverting the basis transformation matrix B.
The arguments to derive the formulae are an adaptation of findings in Johnston,

1960 to our insight that only the components of Ql(fgr with p < 1 are needed.



APPENDIX B

PDES FOR THE EXPANSION COEFFICIENTS

B.1 REAL REPRESENTATION MATRICES

At the end of Section (5.3.2), we referred the reader to the Appendix for a proof
that the representation matrices corresponding to the real spherical harmonics
are real.

We prove this statement by explicitly computing all the appearing matrices,
i.e. we evaluate the matrix-matrix products in §TOS, where O is a representation
matrix with respect to the complex spherical harmonics of an arbitrary operator.
We note that the matrix elements of the inverse basis transformation are

(SN me s)jtm)
Oy + (=1 m/5_ ’ (8, — (—1 m’5_ ' B.1
— 5”/( mm ( ) m }’Vlas,o + 1( mm ( ) m m)55l1> . ( )
V2 + 8,10) V2
We now demonstrate how to compute the matrix representation of an arbit-
rary operator O corresponding to the real spherical harmonics. We assume that

we know its matrix representation with the respect to the complex spherical
harmonics. Evaluating the necessary matrix-matrix products yields

(OR)i(l’,m’,s’)j(l,m,s) (B.2)
= >0 D3 (S mr s1n(njo Ontnkyr(n ey (St Jeyjm,s)
n,k n' k'
- % ( o _i w0 Onfo 5s,15s1>
VA +60)d+8,0) VA +6m0) VA +mo)

X (Oys)it,m’ s j(1,m,s) -
The matrices Oy are defined as
(Og9)i m? s j(1,m,s)
= Oy mjimy + (D™ ¥ O _nyjm) (B.3)
+ (=1 Oy mryjiemy + (L™ 00 it -
Having derived an expression for the real matrix representation for an arbitrary

operator, we can apply it to the angular momentum operators, the direction
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operators, the collision operator and the rotation operators. We note that Oy con-
tains complex terms and, thus, we have to check if the resulting representation
matrices corresponding to the above list of operators are real.

When computing the matrix representations with respect to the real spher-
ical harmonics, it is important to note that m’,m > 0, hence d_, (1) =
5m’(—m—1) = 0 and 5—m’(m—1) = 5m/(—m+1) = 8,109m1 + Om19mo- Moreover,
m' =0ands’ =1 (orm =0ands = 1) is excluded?*, which we use to remove
terms from the resulting expressions. Generally, we remove terms with combin-
ations of Kronecker deltas whose evaluation leads to values of I, m and s which
are not allowed.

We begin with the representation matrices of the angular momentum op-
erator. We remind ourselves that we have to include a factor i, because Q% =
iS7Q4S. Using eq. (B.2) yields

55’0531 _ 5&’1550 ) (B.4)

(Qx)'l/ r s i(l :Qx, Yy (
RJi(l',m’ s") j(I,m,s) i, m")j(l,m) \/1 o0 \/1 o

and

('Q%)Q)i(l’,m’,s’)j(l,m,s) (B-S)
0400 Oy
= 9001 (Q;V(l,,m,)j(l,m) + LI+ 1)5,,,,05,,,1)

I+ 0o

8,10 Oy
_ _“s"1%s0 ('sz(l’,m’)j(l,m) + # V l(l + 1)5m’15m0)

1+ 60
(“lez)i(l’,m’,s’)j(l,m,s) (B.6)
— 5s’05s0

VA + 8w0)A + 8mo)
. Sy
X (LQiZ(l',m')j(l,m) - # VIT + 1)(6mr06m1 — 5m’15m0)>

+ 5s’15sligiz(l’,m’)j(l,m) )

We proceed with the matrix representations of the direction operators A% oper-
ators. We find that

(Aicz)i(l’,m’,s’)j(l,m,s) = 5S'SA1?C(I’,m’)j(l,m) (B.7)
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and

(Aﬁ)i(l’,m’,s’)j(l,m,s) (B.8)
5s’05s0

\/(1 + 5m’0)(1 + 5m0)
1, _
X ((Ay )i, m"jm) + 3 (v 6r ) — a"Sp(1-1)) (SmroGm1 — 5m’15m0)>
+ 5s’15sl(Ay)i(l’,m’)j(l,m)

(AR m! 5" j(Lm,s) (B.9)
8400 . 1 _
= === <—I(Az)i(l’,m')j<z,m) + 3 (@1 v — a"ova-)) 5m’05m1>

VI+ o

_ 851850
V14 6mo

We point out that A* = Ax.
The same is true for the real representation matrix of the collision operator,
namely

. 1, _
(_1(Az)i(l’,m’) jam 5 (aZ T 6u e — a]"Sp-1y) 5m'15mo>

I+ 1)
(CR)i(l’m’s’)j(l,m,s) = ) S118m'mOss - (B.10)

It is left to compute the real representation matrices of the used rotation

iz, iZL
operators, i.e. e 2 * and e 2" %. They are

(eg"ﬁ) (B.11)
i(l',m',s")j(l,m,s)
= 5l’l5m’m
8570950 T 851050 . (T
cos|=m) + 16,000 | + ————=-sin|-m
\/(1+5m,0)(1+5m0)( (2 ) ) 1+ 68,0 (2 )
89001 . (T T ]
————sin(=m)+ 84,5, cos(=m
\/Tamo (2 ) §'17s1 (2 )
(ei”ﬁ) (B.12)
i(l',m',s")j(l,m,s)
— 5s’05s0
\/(1 + 5m’0)(1 + 5m0)

X (U(=7/2e,) i mnjam) + (D™U(=7/2€,) i mr)j(t,—m)))

+ 5s’15s1 ((U(_”/zez)i(l’,m’)j(l,m) - (_1)m U(_”/zez)i(l’,m’)j(l,—m)))

(B.13)

T oz
For the last equation we assumed that 2R is real, which is of course against
the idea to prove that it is real. Since U(—/2e,) is real as well, we concluded
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that the two terms in middle of eq. (B.2) must be zero for Ugr(—n/2e,). This
conclusion led us to conjecture that

(D)™ U(/2e)i —mnyjm) = (=1 U(=7/2€2)i0r mryjliem)
U(—7/2e)ir mnjt,m) = (=)™ MU (~7/2€,)i(1r i(l,—m) -

This conjectures give us the above result and numerical experiments convinced
us that these conjectures are true.



APPENDIX C

NUMERICAL SOLUTION OF THE SYSTEM OF PDES

C.1 DEFINITION OF THE REAL SPHERICAL HARMONICS

Sapphire++ solves the system of equations (6.1) and, thus, it computes the
expansion coefficients f,,,. For a physical interpretation of the results, a recon-
struction of the distribution function f may be useful. This requires explicit
expressions of the spherical harmonics. Egs. (5.53) and (5.55) state that the real
spherical harmonics are

Yims(6, ) = ]Vlmle(COS 6) (650 cos me + 85 sinmep) . (C.1)

Where N}, is a normalisation, which is

N = 2041 (I—m)!
m =\ 270(1 + 8,0) L+ M)’

and the functions B™ are the associated Legendre Polynomials. Their definition
is given in (Milton & Stegun, 1964, eq. 8.6.6) and it is

(C2)

dm
Pm = —1 msin™ 6 ——— . *
7"(cos ) := (—1)"sin ed(cos oy R(cos 0) (C.3)
Note that the Condon-Shortley phase (—1)™ is included in the definition of
the associated Legendre polynomials and not in the definition of the spherical
harmonics. R is the Legendre polynomial of degree . A definition of the Legendre
polynomial R is given through

1 d

B(COS 9) = Zl—l' W

(cos?6 —1)!, (C.4)

which can, for example, be found in (Milton & Stegun, 1964, eq. 8.6.18).
The real spherical harmonics are related to the complex spherical harmonics
via

Yims(6, ) = Z(Témo)(_i)s (¥"(6,9) + (=1*Y""(6,9)) , (C.5)
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Table C.1: List of real spherical harmonics Y},,,,(6, ¢) for [ < 2.

Yins Explicit expression

Y000(0, ¢) =

ar

3

Yi00(6,9) 4/ 2. cos 0
Y1106, 9)  —/ i sin 6 cos ¢
Yi11(6,9)  —/ i sin @sin ¢

1
Y200(6, ) Z\/E(S cos?6 —1)

-1 (15
Y10(6,9) 4/~ sinbcosBcosg

1 (15 ,
Yu(6.¢) —/—sinfcosbsing
Y220(6, ¢) i\ / 1;5 sin® @ cos g

Y31(6,9) %, / 1—; sin’ @sin @

cf. eq. (5.55). More explicitly,
Yims(6, ) = V" (6, ¢) fors=0,m=0, (C.6)
Yipms(6, @) = =S (Y"(6,9) + (-1)™Y;™(6,9)) fors=0,m>0 (C.7)
V2
Yims(6, 9) = \/_L (™(6,9) = (=1)™Y;"(6,9)) fors=1,m>0, (C8)
21

Notice that for s = 1, m is by definition greater than zero. We list the first few
real spherical harmonics in Tab.

C.2 HIGHER ORDER CORRECTIONS

As mentioned, dropping the relativistic corrections in front of the time derivative
is accurate to order O(U/c), also see the discussion in Sec. 3.2.4. In this appendix
we want to demonstrate two different ways, to retain higher order corrections in
Ulc.

Instead of dropping all terms of order O(U/c) in our expansion of the Lorentz
transformation, see eq. m, we keep the first order terms. This results in the
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following the VFP equation in mixed coordinates

1+

)af+(U+v’) Vif

DU
- ()/ Wlﬁ + (p : Vx)U) . Vp/f

’ ’ Vv
+qu - (B X Vp/f) = EAQI’(pr. (C.9

One approach to retain the relativistic correction in front of the time derivat-
ive is to proceed as before and to apply the operator based method, as presented
in Ch. 5, to arrive at the following system of PDEs

v of af
(1 + C—ZUaAa) 3t (U1 + vAa) = — (y

DU, a Uy ., b)af
Dt 4 paxaAA op

gUa AaAC.Qd> f—w Q% +vCf =0. (C.10)

1 DU?

+( €abe——— Dt Ab.Qc + €bed
Note that we dropped the primes. Its implicitly assumed that all quantities
related to momentum variables are defined in the rest frame of the background
plasma. Using the dG method and the explicit Euler method to discretise the
equations yields

; {n 1
MT = "1 — prign-t (C.11)

cf. eq. (6.29). Notice that we introduced the modified mass matrix, namely

(VD) = / é; 1+ UAa) &, (C.12)

TE.Th

that includes the relativistic time correction. Solving the system of PDEs in-
volves solving a linear system of equations given by the modified mass matrix.
This is computationally more expensive than solving the system of equations
corresponding to the ordinary mass matrix, because the modified mass matrix
is less sparse. This statement holds true for explicit time stepping. For implicit
time steps, the linear system of equations is more complex and we do not expect
that incorporating the modified mass matrix affects the solution time much.

In the second approach, we multiply eq. with 1 — U - v’/c? and neglect
terms of order O ((U/c)?). This gives

!

of |
ot

<U+v—vU )~fo—( DDt+(p Vx)U> prf

U-v
c?

!

+q<1—UC'2v>v (B' X Vyf) = '(1—

)Ae, of. (C13)
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Applying the operator based method, we arrive at the following system,

af

of a v?
= 1+ vA% — = U,A%Ab
3t + <U + v 2 Uy xa

DL, U of (1 DU® 10/
- <ymD—taAa + pWSAaAb> 3 + (Beabc o APQC + ¢y angaAC.Qd) f

-(1- C—UZUbAb)coa.Qaf +v(1- c—’;UaAa) Cf=0. (C.14)

Computing the upwind flux for the term o« U,A%APd,. requires the eigenvalues
and eigenvectors of the combined matrix UbAaAb . So far, we are not aware of
an analytical solution of the corresponding eigenproblem. A numerical solution
(similar to the term o %AaAbdp) is again computationally expensive.

Finally, we note thatxanother route is to not use a mixed-coordinate system.
This implies the necessity to derive an explicit form of the scattering operator in
the laboratory frame.
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